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Abstract

In the presented work for operators the mixed fractional integration character of improvement of
smoothness in comparison with smoothness of density (p(x, y) with weight 5(x, y) in case of

its any continuity modulus is found outOJ(p(p;X, y). Zygmund type estimates are received. We

consider operators of mixed fractional integration in weighted generalized Holder spaces of a
function of two variables defined by a mixed modulus of continuity.

Keywords: function of two variable, mixed fractional integral, mixed difference, generalized
holder space, weighted space, weight, and mixed modulus of continuity

1. Introduction

One of the most important problems in the theory of

integral operators in space is the problem of elucidating the
dependence of the smoothness of the image on the smoothness of
the preimage. The solution to such a problem plays an important
role in the solvability of integral equations, their stability, and so
on. The concept of smoothness can be formulated in a variety of
terms. One of the ways of sufficiently fine-grabbing the
smoothness of functions is the notion of generalized Holderness,
formulated in terms of the behavior of the modulus of continuity.
Thus, one of the important questions in the theory of operators is

as follows: Letbe A an operator acting in a Banach space X and
let be the modulus of continuity

OJ(f ;h): sup| f (X+h)— f(X)|X of X. How can the

[t)<h

ehavior of the modulus of continuity be characterized
R‘ the be a\ﬁor o'i‘l the modu usy of cont(inuity O(P(fﬁ\rﬁ%tm

CO((p;h)I (D((p;h)S C\l!(h) for all is known Q€ X,
VRIS MIEANED SmIT S HOctip et 1 weight case
namely, let p(X) - weight function and w(pe, h)<Cy(h) for all

@€ X . How to estimate the modulus of continuity o)(pA(p,h)?
A similar problem can be considered completely solved for

Auctores Publishing — Volume 1(1)-001 www.auctoresonline.org Page - 1

different spaces, and also for the Holder space of functions of one

VRN ) - —Land_olt)dbowsr o WHOTS), gy (4"
e

A detailed review of these and some other close results can be
found in [12].

The assertion for multidimensional cases on the property of
mapping in the usual Holder and in the Holder spaces defined by
mixed differences are known [7], [8], [9], [10], [11], [12].

A similar problem in generalized Holder spaces of the function of
several variables has not been studied. This paper is aimed to fill
in this gap. We deal with both non-weighted and weighted spaces.
An important stage in the study of fractional integro-
differentiation of functions from generalized Holder spaces (see
[1] - [6], [13], [14], [18]) is obtaining estimates of Zygmund type;
Estimate of the modulus of continuity of a fractional integral in
R R e AL oY & Yo R of the

Zygmund type that majorizes the mixed modulus w(pl i’[i(p; h,n)
of continuity of a mixed fractional integral with the weight of
integral constructions from the mixed modulus of continuity

o(pe;hm) of its density o(x,y) with weightp(x, y). These
Zygmund-type estimates and action theorems directly affect the
character of the improvement of the modulus of continuity by a

mixed fractional integration |“f¢ of order (o)
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(I&%+(P)(X’ Y)= ( ) 1( ) XQ j( (X _qa[glt‘,“?ydidf)l‘ﬁ , x>0,y>0 1)

where X >0,y >0 and OL,BE(O,].).

It should be emphasized that the presence of weight significantly affects the nature of the Zygmund type evaluation. This was
known in the case of Zygmund type estimates for fractional integrals of functions of one variable.

This paper is devoted to the study of certain properties of the mixed fractional integral (1) in weighed generalized Holder
spaces of a function of two variables defined by mixed modulus of continuity.

We consider the operator (1) in Q= {6(, y): 0< X<b, 0< y<d}~.

2. Preliminary information and notations

When studying the properties of continuous functions of several variables, in particular, two variables, the following classes

of functions arise: o = { o(x y)eC : 1('3(([); 8,0)=0(w (8)), g((p; ,6)=0(o (o)),

L Q 1 2

t‘l)((l); 0, G) = 0(601,1(6’ G))}O'
7 fo(a)eC o000l ), lei)-0fo (o)

Ko i, y)
\

- are the partial modulus

Where ?3(@;6,0): supsup |

(Al':(p @x, y)‘ gjl((p;O,G): sup sup |

y he(0,8] 1 < Me(0,0]
of Continuity of the first Ol’der, and ('\((P; 8, G) == Sup Sup (Ah,n (PW(X, y) is mixed modulus of Continuity of order
xy he(03] K )
ne(0,]

(L Fh1
(% 0 |(xY) = ¢0c+h,) ~0(x,). [An 0 |x) = o0y +1) —o(x.y),

(i @J(x, )= 00+ hy +1) = 9(x +h,y) ~ g, y-+ 1) + o{x, )
m
w,0, ed’, O, € D" (Definition of classes D" and D™ see below).
[1’1 T efollowin?/j%entiisﬂ is valid (0’1
Q0+ y+1)={ v [ y)+H Ao [x )+ A cpkx, yY+elxy). @
Definition 1. Let function (p(X) is a bounded on[a,b]. The modulus of continuity of (p(X) is the expression

o(0:3)= sup p(x)-o(x)

X ,x €[a,b]
1 2

‘ X1—X2 ‘SS

is defined for all O that satisfy the condition 0<d<b-a.

Definition 2. A function CO(S)is called a modulus of continuity if it satisfies conditions

1) LI_[pu)(S) =0;

2) 60(8) is almost increasing on (O,b - a];
3) 03(81 +0 Z)S (3 1)+ 03(82);

4) 0)(6) is function continuous in O on (O,b - a].
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Definition 3. We denote by @' the class of functions (0(5) defined on (0, b— a] and satisfying conditions

a) (D(Q)—i(ﬁmodulus of continuity

b) J: dt < CO)(&)

9 8] . dtS(DC_((_é))(S);
©'(3)-~

1,1
It follows from the definition (D((p; 6, G) that this function belongs to CDl(Q) each of the variables. In addition, we note
the mequadl{y
11 1,0
(9, 5,0)< zmmf {0:5,0). m((p,oc) o

Definition 4. We denote by q)l’l(Q) the class of functions of two variables 0)(8, (5) satisfying conditions:
1) 0)(8,6) in O for any fixed O;

2) (0(6,6) In G for any fixed 0.

We call this class the class of mixed modulus of continuity of the first order of continuous functions of two variables.
In [1] was shown that the properties 1) and 2) are characteristic for continuity modulus in the sense that for every

we q)ll(Q) there exist such a function (p € C , that

olgi 8,0)~ o (5.0) o(¢:8,0)- ()dQMﬂ o (o).

Definition 5. Let us denote CD(Q) the set of satisfying \ @ ,® ,®
11 1 2
) o(8) o(c)ed"
1 2
2) ®1,1(8,G ECDM;
3 o (§,0)<Cmin{w (8), o ()},
11 1 2

Where C—isnotenvy from(y, 0,, M, ;.

(o]

Let 0= (q ®,,, ECD CD x D' xDf*. we havedntroduced qg}rm in H =H o) space

1,0 11
cro=supel@; 8,0)  C**=sup 0(l Yo C* =sup@l¢; 3,0)
® 5>0 031(8) ’ ? >0 ()} (G) ¢ 5,550 031’1(6,6) ,

- 19 =DRe

Definition 6. We say that(p(X, y)eH L(Q) if (p(X, y)e H (Q) and (p(X, y) X=0,y=0 I([)(X, y) xeby=d — 0.

We will also make use of the following weighted spaces. Let p(X y) be a non-negative function on Q (we will only deal

_with degenerate weights p(X y) p(X)p(y)) -

Definition 7. By H (Q p) (p) we denote the space of functions (p(X, y) such that PP € H ® respectively,
equipped with the norm

I, ~maxobo C. o
Where ¢ ?
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- [Fi,

(0]
By H0 (p) we denote the correspondmg subspaces of functions (p(X, y) such that

PO Y)O(X, Y] 00 =P (X Y) (X, Y)

Below we follow some technical estimations suggested in [3] for the case of one-dimensional Riemann - Liouville fractional
integrals. We denote

B(x, y;t, 1) =——LX: ) —p(L.7)

pt (X -0™(y-1)™"’
whereO<o,f <1, 0<t<x<b, O0<t<y<d.inthecase p(X,Yy)=p(X)p(y) we have

7P

x=b, y=d = O

B(x, y;t,) =B (x)B (y,1)+ Bi(xH) L B.y1) @
Wh(y G- (k=1

)= p(X) —p(t) | )= p(Y)=p()_

D,(x,h,t) =B (x+ht)-B(xt), tx,x+he[0,b], h>0
D,(ymn,7) =B,(y+n,1)-B,(y,7), T.Y,y+ne[0,d], n>0.
Lemma 1. ([3]) Let p(X) = X", ue R'0<a<1. Then

X max(u—1,0) (X _ t)a
B,(x.0|< C( ) , ©

max(u—1,0)
D.(x, ht)|<c(x+h) h ®)

X+
Similar estimates hold for B (y T ) and D (y n, ‘C) with p(y) y".

Remark 1. All the weighted estimations of fractlonal integrals in the sequel are based on inequalities (5)-(4). Note that the
right - hand sides of these inequalities have the exponent maX(},l—l,O) which means that in the proof it suffices to
consider only the case MZl, evaluations of 1< 1 being the same as for |L =1

The following statements are known, begin first proved in (see also [17], p. 197). However, here we give a sketch of the
proof of this lemma, in order to com ose the representatlon of lightness for the two-dimensional case. Consider the one-

(| a )(X) — ensmnaﬂﬂﬂl tlonatRlemgnbLauvnle |ntﬁgral

() I (x—t)"® )
Theorem 1. Let (p(X) be contlnuous on [O and (0) 0. For the fractional integral (7), the estimate
® I“(p, <Chb LQ, l -
0+ h t2 o
0 Pro f Reljﬁlelr?tmgxi) as 0
(| (p)(X)— '[ _(Q( ) J_ ) £ )dt— A (X)+ A (X)
M)y, (x=tf"  T(a), (x=tf* S

Let h >0, X,X+h€[0,b]. We have
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A(x+h)- ( SQ(—)AQ(—)[x+h —X ]+ L "olxt)- (D(t)dt+

2 I .
@{(Ha)t][h - t‘“]dt Dy, 09
r<a>{ 1

.
<h <Ch w(gh) taxzh
We have: ‘A1‘ < C(’)((P; XX(X_'_ h o Xa‘ I the case X we have ﬁl‘ a@(q) ) Let X Then

‘Al‘SCw((p; X)X [k“ my 1}|<c°°(‘P’X) . ©)

CX co((p X)<w((p,X)Jt dt<£ o dtgj: o dt.

It follows g‘romﬁgat
AJSCh! o dt
Further
| A}\Sl(ﬂ(ﬂ)—% dt=hv i(@(%hf_) de < Chofoih),

with C = ! (1-&)y'de.

To estinfa |st|ngm hthe as X>h an X<h In the first ca
A3 <Cﬂeﬁ t‘*‘ f]Qt B9 (e (S 1S]dtWE

| < Crhaw((p h)+h rti(—q)—'—)dt J
3
Obviously inLlhe second case ‘A ‘_ Ch 60( h)

Estimates for A ,A A
the lead to (8) if we take into account the fact that h* (D((p, ) is dominated by the right-hand

1 2

side of (8). The latter is easily obtained in view of the monotonicity of the function (D((p;t).
To obtain estimates of the Zygmund type in the weighted case, we use the notation and the proof scheme from [2] and [6].

Theorem 2. Letp(X) =X*,0<u<2—aq. If the function f (X) Xe [a b] satisfies the condition:

n pOREDY gt PO T (9 =0

2) the integral t converges for Y= (l,u).
[
I?en est_lmatesc)fﬁ%}ygmundgy&e( f t) \
, f.h)<C dt
o(pl,, f,h) L I dt+hI o= )| (10)

(o1 H) = (KT ‘““')?xgx)@ QS&X))-% B(x DDt
0+ 0+ F(OL)O
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Here the estimates for (| * g)(x) are solved in Theorem 1. Now consider the difference where

(3g) o+ n)~(3° g)(9 = F (xh) + F (ch),

Where

x+h X

F(xh) = j B,(x+h,g()dt, F,(x,h)= £D (x,h,t)g(t)dt.

Taking into account Rfmark 1, we consider only the case}S < 2 —QOL . From (5) we have
XY (x+h—t) x+h)™ (x+h—t)*

IFi<Cl 1) : g(t)dtscu J ———olghdt
|F jcchpsi et 4

1

.t
o(g;t)

Using the property of almost decreasing , We obtain

t
x+h
| |: |<Chu+a 1J. _(g.xt_x).dt Ch“w 1J.Q(g_,_)_dt
" (t X)u t“
|F [<Che(x+hyt @(0X=0 4 SERD (X)) o 0lEx)
1 a (= \ ! (x+1)" ! X+t
THise) s 1S ot

co ]
o t
Collecting tr(i: ejty&t:eﬁﬁ#l\ﬂ/mmht !hatineqyualityr/ﬁoarx ?13 }jl <2-0
< , Y= ).

1

tY
0
We pass to the estimate Fz- Using the estimate (6), we obtain
X X+h u-1 (,O(g;t) d
t
|F, |sc3hj[ " ) (xh_Dt
X > h .
IF j<Chewt Q@BA 6 " 0@ 4

2

11)

t" ot
It h< X, then, we represent the right- hand side of (11) as a sum of three terms:
x+h .

F <Chi "+ 12[ ]‘ (| x+h\| I H R oy 2
- l‘[ skt ) ehepee 2o
For the term ' {he relatl?nsas evalid X+ N < 2(%( +N— ) therefore
F'schI <chet QGG

2t (x+h—t)Fe )
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For the summand, F " we have 2t < X+h,s0 1< p< 2 —OL we obtain the estimate

20am (i) (X +h)* ® o(g;t)
L T e
" t“(|x+h— )

2 )(o(g;t) PRICE

We estimate the term """, Here t > X +h—t therefore xTh=t it follows that

" h (%,t)dt h
F,<Ch j (X+ \1 tx+h=t)™ <Ch I (x+)r(1+t)°‘_)dt

*(X+h) *(x+h)
2
Because X+ < 2t . Having made the change & ) —1 and going back to the variablet , we get
=Ch dt.
z J
From the estimates ', foIIows hen
| F |£ Crh“—r—a—l Mdt_i_h MdtT
SN o t* h £
o O(TUB) W en 0
IF ecf 1I_GL) i _(gr_)dt) y=max(l,p),
R A N Y

Which completes the proof.

Zygmund type estimates for the mixed fractional integral

Theorem 3. Let P E C(Q) and (p(X, y) |x—o y=0— 0. Then for (1), we have estimates of the Zygmund type

1,1 bd (11’)1((|) t ’C)
o(f;hm) < Chn” ey dtdt. 12)
1,0 g 10(5[2, t,Ol 01 ‘ 01‘2[2, 0,’[!

C(f;h 0)<Chj po A6 o(f;0, n)<anJ oy On @
Proof. Using the identity (2), we represent the integral (1) mthe form

(1o O)xy)=—0®p y * v (V)+ WW )+ w(x, y),

oo FltoT 1+[3 1;$1+ or)

here

v ()=—L " ot0)=e(0.0)y v (y)—L | @(00)-0(00)
e
(Am(pj(O 0)
w(xy) —{; H)dtdr.

Leth>0; X, X+ h S [0 b] Consider the difference

Auctores Publishing — Volume 1(1)-001 www.auctoresonline.org Page - 7
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(o \( )= x+h)—x“y X,V -1

A
\ 1 ) f Iq(X—jt jv—jii g(xTy'- r)
( )r(e) “‘%Hh)l

Crg(X=t y—1)-alx.y r)‘(Hh)al_taldth

r(@r«s Vo ey
Thefollow mequalltylsXaIld 0

(mhf\xy1<cr(x+h) SO,y
L

dtdt +

+

y‘”(‘Pt Y= gigre +

1B i
T ‘h |<\+t)‘ TP

o a1 B-1
+] [o(oity- r)kh+t) —t [T dthJ

e make use of (3) and obtain

(wh fo y)<C| (x+h) —x* @lq;t,0)+ ° w((p;t,O)dt+

PR e
j;m((pto))(mt) t \dtj

Using the estimates Al,Az, A% trothe proof of Theorem 1, it is easy to obtain

x Y11

o ¢;t,0)

(Ah f)(x y)<C hL et (14)
. Simi (O((P\%e %a)n obtain the estimate
(An f )(X’ y) < Czn_[ —TZ—B— dt. (15)

From (14) and (15) follows the inequalities (13).

Let h,T] >0 aLlcTi])% )t+ h [?g], X’,Y S [%,f]l] Consider the difference
C )
) [<x+h> ey -yl

‘1+a (1
y+n) - y“q&ﬂ y)— ?x v)

I (x+h)°‘—x“}q(x,v+r)—q(x,v)

- o t+ o o dt+

T(o)+p ()y+n)ﬂ (h— t)‘[ F(‘ T-]T(?j oy (nT I
ngty gxy t h ' g

(1;<+ —X“ [ ( —1)- ( )][(Hn)ﬁ_—T f“

X,y gxy Y

r<1+ar(s>J
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+ﬁ{: ( )m( dtdr+
ol J(A fgﬁxy)(

r+n)ﬁ_l —rB’l dtde +
FOLFB 0 0 r

ARt

) X @M@i,ww+wy4“bm+
MY (on?
ok, [ oyt feen e

The inequality is valid

Ans f) (x, y1<C(co((p, X, y}(x+h) —X¢

(y+n) - yﬁ‘

=,

+(y+nf - v

11

ot y) fD((P’XT)

T] T
+‘y+n)B y‘jl oty [t+h°‘1—t‘“]dt+

Y11

Iu)((p X t|(r+n)t = e+

" OJ((P t7) dtdr +hy co((p, tr) (t+n)* -t dtdr+

E oy o N B CRO N

+ (h+t)f* —t**|dtde
. H(T*ﬁ“ T

+_[ I(o((p tr)tt+h) —t H(Hn) -1 WdthJ

Each term of this mequaii C/ is estimated in the standard way, and one can obtain
11 X

y)<Ch ®fo(@it) g
3.,

1 M
From which inequality (11) follows.

et P
Theorem 4. Let p(X, ¥) = X"y, 0<u<2—a, 0<v <2—P. ifthe function O(X, y) €Q satisfies the
following conditions:

D @o(%,Y) =p(X,Y)o(X,¥)€C(Q) and @y(X,Y)|wo,-=0

+(x+hy —x

,[ J'w((P 47)

dtdt The integral converges for Y = max{l,u}, A= max{l,v}. Then the following estimates
tt

of Zygmund type are valid
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(pf:n,0) <CH “pgit g, Immdt] w0
1||_ ,[ t7 t |J
&(pf;0.m) <C M “pg;br) Q(P_(R._._) d‘C—‘ (17)

j : dr+nj

T ™ |

11

’
. LT -
ofpfhm) <CJh*n’ 1; j R dtar+ ] [ XL g 4

trtr

11

hd
" ]
heerin] [ (PO g hnj j o0 Lo

2-0,7.2-

Proof. By Remark 1, it suffices fb Beal W;Fn the case W, V >1 Let Qe m( )so tth(p (X y) (p(X y)p(X y)

H,

where (p (X )/)E Hm and(p (X y)P =0. For
: 1)

G(x y) = y t, 7)dtdt

! | oy "

We represent G(x, y) in the form

G(x, y)_—( o (t1)didt”  * B(x,y;t,t)p (t, rdter—
(o) (B (x— t)‘ 0
b uyﬁﬁuw )

Here the question of the estimation of the modulus of contlnuny for the first term is solved by us in Theorem 3.
To estimate the term G2 (X, y) we note that the weight being degenerate, we have

p(,y)-p(t1)=(p(x)-p(t) (p(y)-p(x) +p(x)(p(x)-p(t) +p(t)(p(y)-p(c) . whichtezss to tre

following representation
G(x.y) j j B (DB, (y,0)g (o)t [ BOSLRAT by,
[Rle o VY
00 (X t)l

lpere thg notation (4) has been used.
For the difference | An G (X, y) with N >0 and X,X+h e [0, b] , we have

A GWX y =Y[G; x+h\ )th)(p( r)dtdr+j[:[ (x,h,t)B (y,r)cp( t)dtck +
K 2) 2 2
+><-J‘:h B(X+h t)ggf ,T)dt dr X }D(X h t)ggf T !dtdr X yB (v, )gQ it,r !dtdr
B ?}ﬁ y‘[r[x+h ty ]np(i[ t)dtek. ( (x+h_ty-

Auctores Publishing — Volume 1(1)-001 www.auctoresonline.org Page - 10


https://www.auctoresonline.org/journals/mathematical-methods-in-engineering
http://www.auctoresonline.org/

J Mathematical Methods in Engineering @

since (Py(X,0) = O then the inequality
x+h'y 11

\G (x+h y) G,(x,y) < J [1B.Lc+hD)lIB,(y0) | o(oqtr)dtdz+
H 'B(””dtd”jJ'ID(xht)llB(yr)m((p t,)dtct +
o (h+D)5 ’
+x]c§f|+8)(x+h,t)|m—~4dtdr+ le(xht)lMdth
XO j;.fl,l Sy_ 0 0 -1
& (e )| (1) —t- | B (y.0) | did.

00

O <

11

We estimate integral I | B, (Y,7) | @(p,t,7)dtdr. Letl< v < 2—P, then from (5) we have
° ARVE
f1B.67.9) 6041 r)olr<cj(r T (gt
<Cy"y 4 \f 11(@oit) g, C(o ;t,d).
jkr) T ’

Now we estimate next integral

y %Dl(Q 1,7) yc%i%(gz 1,7) 11
J‘ 0 dTSCyBJ 0 dTSC(O((%,'[,d)
. ,El—B 0 T

From here and the estimates A1, Az, Az of Theorem 1 and from the estimates F1, F, in Theorem 2, one can easily verify the
\ vaI|d|t¥ of inequality ”
0 G (xy)< [ s (ggg,t,d)dt L 6(etd) |
AL CJ h I I dt 19
h > ) 2—a |1 ( )
\ t |

0 t h
where ¥ = max(l,u).

The estimate

(%&nG W(X y)<C [P Wdﬂrn} _(p_(g,_,_)lcé dJ (20)
‘k ?) 2||_ l. 7" N T |
s symme ically obtained, where A= max(l,v).
For the mixed difference (Ah,n sz(x, y) with h,n >0 and VX, X+h €[a, b], Wy, y+ne [C, d]

the appropriate representatlor\leadlng to the separate evaluation in each variable without losses in another variable is as

1 G Xy = v (FHEDB (y+m, 1) (t, 7)dudt+
8.7 1T,

B, x ) o
Xy
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x+h'y

+:[:[Dl(x,h,t)Dz(y,n,r)(po(t,r)dth [ [B.(x+h,t)D,(y,n 1), (t, T)dtck +
+of 2 0 R e o

1

D (x,h,t)B (y+mn,7)e (t,7)dtdt + ! ¢ (t,r)dtdt+
t oy B[y +1-1)" ~(y —1)"* ] (t,r)dltde+

1 0
x 0

Yy

+  DXht)(y+n—1)""e (t,7)dtdc+
£ D[y -1t~y =1 e (to)dtde+

0
00 I J
+ (x+h—-t)**B (y+n,v)eo (t,t)dtdr +

Xym[(x+h —t)** = (x—t)*[B (y +n. 0 (t,D)dtck +

2 0
0 vy
x$h

+ (x+h=0'D (y.n.0)o (tr)dtdt+
£ [<rh—t —x—]D (v, 0o (t,7)dltek

x+h Ythe mequallty is rightly
+h)B(y +n,7)a ¢ ;tr)dtdr+

j IBl(X 2 ( 0

(x G W(X, y)<C

hmn 2)

+”D (x,h,Y)D,(yn, r)(o((po t,7)dtdc +
+x] JBl(XJrh D, (Y., r)oa((pO t,7)dtde +
j jnD(X h,t)B (y+n,r)oo t,t)dtdt +
+Tyj5y(x+h t)[)(n+r)Bl Blﬁ@(p :t,7)dtdr +
L (o

+I qu(x h t)—(EQOJLl)-dtd’E'F J- y]:nB gy +T] ’C)E](SQO;)_;_&)'dth+

D?xht) [+ =0 @ 5t 7)dtde

1 0
00
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T+t (y+n 1o @ :t,7)dtde +
. (,
x+h 0
+ D (y nT )_._(SP_:LI)_dth B_(M._) :t,7)dtdt +

I H(l

" IH(rht) ~t*D (Y, oa(p tr)dtdt

2 0

mit the dei[alls of evaluatlon of each term in the above representation; it is standard via Lemma 1 and yields

thGZ (X y) <C |-hoc+v—l B+k—1J. deth-i-hnM 1J. J-_(.Q(p_llll). dtdt+
\ ) 3||_ 2ot

T

hoc+y—an.J. S(Pzi [; )dtd _|_th' J'_(p_(p_lLl). dtdt —L (21)

where Y = max(l,p) and A = max(l,v).
From the inequalities (21), (20), (19) and (12), (13) we obtain the corresponding estimates (16), (17) and (18).

Mapping properties of the mixed fractional integration operators

in the space SJ
In this section, we give a generalization of the theorem to the weighted.

Theorem 5. Let 0 < o, <1, p(X, y)=X"y", 0<pu <2~ and 0< v <2-P.1f (X, y)eP(Q) and
. y(XY(y\ u)(t ) assume that

h WB%( dtdr<C co(x y). 22)

2) I jl | - dtdr<C1(o(X y). (23)
(1=

where Y = m -1 0) A=max(v-1 O) Then the mixed fractional integral operator (1)1 is bounded from the

-~

weight space H ( ) to the spac@ Ho (p) with the same weight and with the characteristic
—to. b
s ~, O)a,B(t,T)—t T (o(t,r). ~ ouy
Proof. Let T = |0 0+ P where (peH (p) We will showthat f € HO (p) For this, it suffices to show that

0,1
SUIO_KQ_’—’—)f h.0 C,=%® Supr On) C, <%
o h*w,(h) o N'w,(M)

11
sup o(p f:hn) _c <.
o0 e, (hm)

From membership (D(t,’t) in the class (D(Q) and satisfaction of inequalities (22), (23) the convergence of the integrals
follows
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}hi( p@;t.d)
0 v
1,0
(

(pf3h,0) _

dt, J@(p_(e,gl) dr,

Therefore, there a(fe estlmates of the Zygmund type from Theorem 4. Whence follows

l-a b11 |

h
(

Wlm

e
9P e
° L

@(po;t d) (qsg d)
J t (D (h d)‘[ dtJS
f (@ dt+7Dit'h‘d7[ Q(Lg)dt}

1

L1
(pf;0m) . cp(p(p kir)d " ICO(D(D,b,T) d’c\1£
Tﬁml—lfb—r]j b n) T ® 1(b,n) 2P J
<C (P}r flé(bﬁdr+ f&(br) l
1l o om, !
o(pf:h,n) <C ( h™n"* H%ﬁ(om:t,r) dtdr +
hn'o (hm)~ o (m)’7 o
11 \ 11 00
h“”‘“_](%li) hi- H”@(Q(P_;LQ
@_éhﬂﬁ 1o dtdr+—(h—ﬁ-) o dUdTH
- JP_LP_Z =
+ htn? jnj dtdr‘{<C [o10) jh ” %6('[ T)dtdr+
e | <h "’

v2—

hv1 1-B ],]11(,[ )dtd +hlﬂ b 11(t T)dtd’t+ hlanlﬁbd (t,c)dtdrl

LY S e

1,1 (h ) (h’n) h n
It’s obvious that
OOthO) oy - olofi0n) ¢
G R RN A Ok
otha) ¢ 2
h‘n'o,, (h, n) RGO

We estimate pr” c@Q) We have
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p(x, y) f(x,y) = Xy I @, (X=t,y —t)dtdt

ot TP (X 1) (Y - 1)

_ g yﬁjjqﬁ[x xgv VS]d&ds
)1 s)

Since (pO(X y) |X ~0y= =0, then,

1—a (1

(%)

‘k x(1-8).y(1-s) }

Ex X, Y —¥s)— (0, y—ys) <C.®
@ (X=XE, Y = Y )= 0p(X—XE, 0) <C, e @
L1 <Cw

(Po,
;1—&,1—5).

)

It follows that

00 N iCrope

Therefore

|t HC(Q) < CH(pHH‘(’;(p) '

From the inequalities (24) and (25) follows the assertion of the theorem.

References

1. Baba-Zade M.A (1979) On class of continuous functions
of two variables (Russian), Uch. Zam.MV i SSO AZSSR,
ser. fiz-mat nauk, No 3, p. 32-41

2. H.G. Hardy and J.E. Littlewood (1928) Some properties
of fractional integrals, 1. Mah. Z. 27, No 4, 565-606.

3. N.K. Karapetians and L.D. Shankishvili (1999) A short
proof of Hardy-Littlewood-type theorem for fractional
integrals in weighted Hoolder spaces. Fract. Calc. Appl.
Anal. 2,No.2, p. 177-192.

4. N.K. Karapetians and L.D. Shankishvili (2003)
Fractional integro-differentiation of the complex order in
generalized Hoolder spaces. Integral Transforms Spec.
Funct. 13, No. 3, p. 199-209.

5. N.K. Karpetyants, Kh. M. Murdaev and A. Ya. Yakubov
(1990) The isomorphism realized by fractional integrals
in generalized Holder classes. Dokl. Akad. Nauk SSSR
314, No 2, 288-291.

6. N.K. Karpetyants, Kh. M. Murdaev and A. Ya. Yakubov
(1992) On isomorphism provided by fractional integrals
in generalized Nikolskiy classes. 1zv. Vuzov. Matematika
(9), 49-58.

7. T. Mamatov, S. Samko (2010) Mixed Fractional
Integration Operators in mixed weighted Holder spaces.
Fractional Calculus and Applied Analysis (FCAA), Vol.
13, No 3, pp. 245-259

8. Mamatov T (2018) Mixed Fractional Integro-
Differentiation Operators in Holder Spaces. The latest

Auctores Publishing — Volume 1(1)-001 www.auctoresonline.org Page - 15

10.

11.

12.

13.

14.

Lo, (tr)dtdt
tr (1-t) (1-1)

18"

(25)

research in modren science: experience, traditions and
innovations. Proceedings of the VII International
Scientific Conference. Section I. North Charleston, SC,
USA. 20-21 June, P. 6-9

Mamatov T (2014) Mapping Properties of Mixed
Fractional Integro-Differentiation in Hd&lder Spaces.
Journal of Concrete and Applicable Mathematics
(JCAAM). Volume 12, Num. 3-4. p. 272-290

Mamatov T., Rayimov D (2019) Elmurodov M. Mixed
Fractioanl Differentiation Operators in Holder Spaces.
Journal of Multidisciplinary Engineering Science and
Technology (JMEST), Vol. 6 Issue 4, P. 9855-9857
Mamatov T., Homidov F., Rayimov D (2019) On
Isomorphism Implemented By Mixed Fractional
Integrals in Holder Spaces. “International Journal of
Development Research”, Vol. 09, Issue, 05, pp. 27720-
27730.

Mamatov T (2019) Mapping Properties of Mixed
Fractional Differentiation Operators in Holder Spaces
Defined by Usual Hélder Condition. Journal of Computer
Science & Computational Mathematics,

Kh. M. Murdaev, S.G Samko (1986) Weighted estimates
of continuity modulus of fractional of functions having a
prescribed continuity modulus with weight (Russian).
Dep. in VINITI, Moscow,No. 3351-B, 42 p.

Kh. M. Murdaev, S.G. Samko (1986) Mapping properties
of fractioanl integro-differenii_z;lltg)on in weighted

generalized Holder spaces 0 with the weight


https://www.auctoresonline.org/journals/mathematical-methods-in-engineering
http://www.auctoresonline.org/
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.springerlink.com/index/P816T4677560W881.pdf
http://www.springerlink.com/index/P816T4677560W881.pdf
https://www.tandfonline.com/doi/abs/10.1080/10652460213513
https://www.tandfonline.com/doi/abs/10.1080/10652460213513
https://www.tandfonline.com/doi/abs/10.1080/10652460213513
https://www.tandfonline.com/doi/abs/10.1080/10652460213513
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
https://www.jcscm.net/fp/155.pdf
https://www.jcscm.net/fp/155.pdf
https://www.jcscm.net/fp/155.pdf
https://www.jcscm.net/fp/155.pdf
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272

15.

16.

17.

J Mathematical Methods in Engineering a

\V
p(X)—(X—a)’J(b—X) and given continuty
modulus (Russian). Deponierted in VINITI, Moscow,
No. 3350-B, 25 p.

B.S. Rubyn (1974) Fractional integrals in Holder spaces
with weight and operators of potential type. Izv. Akad.
Nauk Armyan. SSR Ser. Mat. 9, No 4, pp. 308-324.

B.S. Rubyn (1986) Fractional integrals and Riesz
potentials with radial density in spaces with power
weight. Izv. Akad. Nauk Armyan. SSR Ser. Mat. 21, No
5, pp. 488-503

S.G. Samko, A.A. Kilbas and O.l. Marichev (1987)
Fractional Integrals and Derivatives. Theory and

Auctores Publishing — Volume 1(1)-001 www.auctoresonline.org Page - 16

18.

19.

Applications. Gordon and Breach. Sci. Publ., N. York -
London, 1993, 1012 pp. (Russian Ed. - Fractional Interals
and Derivatives and Some of Their Applications, Nauka
I Tekhnika, Minsk.

S.G. Samko, H.M. Murdayev (1989) Weighted Zygmund
estimates for fractional differentiation and integration
and their applications. Trudy. Matem. Inst. Steklov 180
197-198; English transl. in: Proc. Steklov Inst. Math.
(AMS) , Issue 3 pp. 233-235.

B. G. Vakulov (1986) Operators of potential type in
generalized Holder classes. Izv. universities. Mat. No. 11,
pp.66-69.


https://www.auctoresonline.org/journals/mathematical-methods-in-engineering
http://www.auctoresonline.org/
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
http://www.eudoxuspress.com/images/JCAAM-VOL-12-2014.pdf#page%3D272
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
https://pdfs.semanticscholar.org/897f/b8e45375c8fee443db9f69016c48f4129176.pdf
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=ivm&paperid=4891&option_lang=eng

