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Abstract

In this paper, the concepts of neutrices and neutrix limit are used to estimate the values of gamma and incomplete
gamma functions and their g-analogues when < g < 1 in the neutrix sense at zero and negative integers. Also the
values of rth derivatives of these functions are estimate for r=1, 2, e«

Keywords: gamma function; incomplete gamma functions ; g-gamma function; incomplete g-gamma
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1. Introduction

The incomplete g-gamma functions arise from Jackson g-integral for
the g-gamma function [1]

/ T B, a0, 0<g< 1
0 w1

By decomposing it into a g-integral from O to x (lower incomplete g-
gamma function), and another from x to 1/ (1 — q) (upper incomplete g-
gamma function) [2]

Yol ) = / B dgt, >0, 23>0
0

1

T a1t
1 Bt

(1.2)

[y(a,z) =

JIT

a>0, >0 (1.3)

Gupta [3] defined a g-analogue of the incomplete gamma function such
version in a slightly different form and he studied its important analytical
properties and gave an application of it in statistical distribution theory.

When q — 1 the definitions from (1.1) to (1.3) reduce to the definitions of
the gamma and the incomplete gamma functions, respectively, as [4]

a >0

F(a)=/ t* e tdt,
0

T
'y(a,a:)=/ t“~le~tdt,
0

(1.4)

a>0, x>0 (15)

ge's)
o, x) = / e tde, a>0, >0 (@)
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Salem [5] proved that yq(e,x) is an entire function for fixed complex
variable x and for all complex o = (/,—1,-2,--- on the open unit disc |q| <
1 and T'q(a,x) can also be continued analytically for all complex numbers
a,x;|larg(x)| < = by means of the expansions

q =g,
n=1 g

Ing .7
00 n(ntl)
1—¢ (1)l
:—] —
g T LT @

Where Ei(x,q) is the g-analogue of the exponential integral and

/
Ta = ((1 _Q)/ln Q)Fq(l)denotes the g-analogue of the Euler-
Mascheroni constant. The author in [6] used this result to derive an
important recursive formula for the complementary of incomplete g-
gamma function I'y(a,x) at the negative integers as follows

(_1)mq ! -z (]' B q)k —m—
[y(-m,z) = WEI (v,q) - E, )k-:ck =
! ‘

Ly

m(m+1) m

(1.9)
Where m is a positive integer and |arg(X)| <z —¢, 0 <e<m.

Here, the Jackson g-integral is defined in a generic interval [a,b] as [7]

f: f(x)d,z = /Ob f(@)da — /Oa f)dyo

/0 flz)dyx =a(l —q) Z q" flaq™) (1.10)
n=>0

&
Provided the sum converges absolutely anqu" is one of g-analogues of

Where
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the exponential function defined as
n(n—1)

n=0

H(l +a(l—q)q")

(1.11)

Where [a]q = (1-g¥)/ (1—q) refers to the basic number and [m]q! =
[m]q[m 1]q---[1]qwith [0]q! = 1 is g-shefted factorial for positive integer

D|vergent integral is an integral that has infinite limits of integration or an
unbounded integrand and is either infinite or lacks a definite finite value.
There are many methods used to handle such integral (for example:
Hadamard finite part and the Cauchy principal value). Fisher developed
the method, which is very similar to Hadamard method used to define the
pseudo-functions, regarded as a particular application of the so called
neutrix calculus developed by Van der Corput [8]. His method is based on
discarding of unwanted infinite quantities from asymptotic expansions and
has been widely exploited in connection with the problem of distributional
multiplication and convolution. Fisher used the neutrices and neutrix limit
to define gamma, beta and incomplete gamma functions [9-12]. Ozcag. et
al [13,14] applied the neutrix limit to extend the definition of the
incomplete beta function and its partial derivatives for negative integers.
Salem [15,16] applied the neutrix and the neutrix limit to extend the
definitions of g-gamma function (1.1) and incomplete g-gamma function
(1.2) and their derivatives to negative integer values.

The main purpose of this paper is estimating the gamma and incomplete
gamma functions and their g-analogues in the neutrix sense. Throughout
this paper, we restrict the values of g, « and xto bereal and 0 < g <1, x
> 0. The neutrix and the neutrix limit are defined as

Neutrix. A neutrix N is defined as a commutative additive group of
functions f(¢) defined on a domain N’ with values in an additive group N,
where further if for some f in N, f(&) = y for all £ € N/, then y = 0. The
functions in N are called negligible functions.

Neutrix limit. Let N be a set contained in a topological space with a limit
point which does not belong to N. If f(¢) is a function defined on N" with
values in N” and it is possible to find a constant ¢ such that f(¢) —c € N,
then c is called the neutrix limit of f as & tends to a and we write N —
Iim;—»a f(f) =C.

From now on, let N be the neutrix having domain N'= {e: 0 < ¢ < oo} and
range N" the real numbers, with the negligible functions being finite linear
sums of the functions

sl

€E—r
v E

T
~AT) Y= NP3 a—1 14" —qt
vy (@, z) =N 32}(1)/; t In" tE_7"d,t,

In particular, it has been proved in [16] that

T
V"N, z) = N — lill(l] / t*~ 1 In" te~tdt,

In" e In"e (A<0, r=1,2).
And all functions o (¢) which converge to zero in the normal sense as ¢
tends to zero [8].

2. A brief review of the gamma and q-gamma
functions

It has been shown in [12] that the rth derivative of the gamma function
(1.4) is defined by the neutrix limit for all real number a

I'(a)=N - hm/ o~ te~tdt, r=012--

e=0 f, 2.1)

It has been also shown in [15] that the rth derivative of the g-gamma
function (1.1) is defined by the neutrix limit for all real value of a

e—0

1

=
F(’)(u) =N- hm/ Ay tE, dt,  r=0,1,2,..
(2.2)

If we want to make the details of this definition more precise, we redefine
as follows:

) =N —lim [ ¢ 'n"tE9d,t,
q e—0 q 4 (2.3)
forr=0,1.2,..0<g<landform=1.2,.
L1
T . 1-q —m—117..7 —qt
I(—m) = N — lim t In" tE "d,t.
9 e—=0 f, 4 (2.4)

The rth partial derivatives with respect to a of the incomplete gamma
function (1.5) and its g-analogue (1.2) are proved and defined in [9, 10]
and [16], respectively, by the neutrix limit for all @ and x >0

2 (2.5)

pre=). 1.5

b
—
N
)
NS

g
, 1 [t (1-g)lna
Ya(0,2) = ] B =] dg —
0 ng @7
An interesting formula for incomplete g-gamma function has been derived in [16] as the recursive formula
. m(m-{—])
q m ( 1 ) m m o .
Yo(—m, ) + ——v,(—m + 1,2q) = A D
! [ml, ! [ l‘]q[m’]q- [m']q 7 , (2.8)

Forx>0andm=1,2, .-
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3. The main results

The present section contains the main results in this paper which deals with the estimating the gamma and incomplete
gamma functions and their g-analogues in the neutrix sense. The neutrix limit is used to derive the following results:
Theorem 3.1. The incomplete g-gamma function has the equation

VQ(va) = _EQ(qu) — Y x>0 (31)

and the g-gamma function has also the equation

['q(0) = —yq (3.2)

Proof. The formula (2.7) yields for x > 0 -

74(0,2) = /O = [E7 — 1] dgt — “h‘f)qh“”
_ i (—1) a fItT‘_ldqt (I-g)hz
n=1 ]! 0 Ing
= (1) F e (1—¢)Ina
P AR

The g-integral and summation are permuted due to their convergence. Inserting the expansion of g-exponential integral
(1.8) into the previous equation to obtain (3.1) which equavilently T'q(0) = —yq.

Remark 3.2. From the equation (3.1) when letting g — 1, we get the incomplete gamma function y (0, X) = E1(X) —y
where Ex1(X) is the exponential integral defined as[4]
de o]

E]_(.’L‘):] t~le tdt,

« larg(¥)| < =

And y =0.57721--- is the Euler constant. Also the equation (3.2) tends to the same result obtained by [12] for gamma
functionasq — 1, T'(0) = —y.
Theorem 3.3. The incomplete g-gamma function has the equation

m(m-1)
(—1)™q =
’yq(—m, a)) — [frn] T (Hnl,q — b (337 Q) - ﬁ/q)
g
m(m-+1) m
Gt D N R — PRI D —i
- [’TN] | E‘f Z(il) q . hi ]']QIZE ) m = 1~2 3
g i=1 (3.3)
And the g-gamma function has the equation
m. T (m+1)
(=1)™q =

Ly(=m) = (Him,g —7q), m=12--

[ml ! . (3.4)
Where Hmq is the g-analogue of the Harmonic number defined as

1

(3.5)
Proof. It is easy from (1.10) to prove that
xzq™ T n—1 . .
/ f(t)dgt = / f(t)dst — (1 —q) Z q' flzq'), n=12---
/0 S0 i=0
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ThIS Ieads to

7, xq") =7 (o) — 2% q)Zq“wn wgE;" T r=0,1,2, . (3.6)

Therefore (2.8) can be given in the form
m

Yol ) = T (- 1,2) + )

3.7
Where
T n')(’n‘H»l) 1—m m =TT 4TI
x 1-— , T .
fm) = 1™ (1—q)g grra - T g
[mly - [m]y! [m], [m]y
(—1)’”(]—”“"5“) A L.
= — E;*.
[m]q - [m],! [m], (3.8)
By means of the iterative method, the equation (3.7) can be written in the form
m(7n+1) . (m—i)(m4it1)
( 1)1’71 ( 1 m—1 f .
Yo(—m, x) = ——7,(0,7) + Z £ (@)
[mlq! 15+ g (39)
A short calculation with using the well-known identEty
] a, Q)Tn .
aq', Q) m—i = , i=0,1,2,---
(aq", @)m— @0; :
Would yield _
m—1
H [? +T] _ ( i+ Q)m i [m}q'
B O Y
r=1 q tg: .
Inserting the equation (3.1) and the previous result into (3.9) to obtain
( ]_)” qm(ﬂ:z+l) (71)7’”‘q7n(7?2l+1) m ‘ e
Yq(—m, x) = (—Ey(2,9) = 79) + ——7—— > _(~1)'q iq! (1)
[m],! [m],! —

From (3.8) and the above equation, we obtain (3.3). The equation (3.4) comes immediately by putting x =1/ (1 —q) in
—1

p—
(3.3) with noting that Eq ’= 0. This ends the proof.

As a consequence of the previous theorem when letting g — 1, we have
Corollary 3.4. The incomplete gamma function has the equation

N (71)7)'5 - (71)”},67:{, m i - )
"}/(*TTL,ZL) _ m) (Hm - El(l) - 7) - T Z](l) (L - 1)ZE 3 (‘310)
And the gamma function has the equation
(_1)m
I'(—m) = H?rz_
(=m) =1 ) 1)

Where m =1, 2, --- and Hm is the Harmonic number defined as

Auctores Publishing — Volume 3(1)-007 www.auctoresonline.org Page - 4


https://www.auctoresonline.org/journals/mathematical-methods-in-engineering
http://www.auctoresonline.org/

J Mathematical Methods in Engineering a

Theorem 3.5. Forr =1, 2, --+, the rth derivative of the incomplete g-gamma function can be estimated by the equation

r—1
. -1 In" ¢ r+1 —i
(M(o.g)= —I—~ (] r+1 E;* (r+1) 1 )_ 1 E In—* g~ (0.
qu ( 1(1:) (T’+1)].nq n €T _‘_,Y ( I) r+1 i i n q,Yq ( 13')

(3.12)

and for the g-gamma function by the equation

: —1 . In" ¢ « r+1 B
rmy= 47 °  pe+iy E In~* F() 0
@ (0) (r+1)lng ¢ (1) - r+1 4 n gl (0) 613)

Proof. The g-derivative Dqf. (t) of a function f is given as

R (O (1))

(1—q)t

Therefore, by using the binomial theorem, we can deduce forr=1, 2, --- that

"ttt — (Int +Ing)™  In"t'g — (r+1 - In‘t (r+1)lngln"t
(1 —qg)t og—1 _D( )n LA 1—gq t

q#F1, t#0

D, In"t¢ =

)

Which can be rewritten as

. . r—1 ;
In" ¢ —1 : In’ r+1 - In"t
L 4 D, In"t'¢ — 29 Z (’ + ) ln_zqn—
t (r+1)Ing r+le\ i t (3.14)

Multiplying both sides by E ¢ and then g-integrating from ¢ to x with taking the neutrix Iimit to be

1 In’ : .
’y(r)(O,:v) mif\f hmf D,In" tE, 7d, t— n g Z (r+ )ln_2 qvé"‘)(o,m)

Using the g-integration by parts rule
b

b
f(ﬂ«“)DqQ(«’E)dqﬂ?=f(b)9(5)—.f(ﬂ»)g(a)—/ 9(@q) Dy f (x)dge.

(3.15)
Would yield

r  r—1
Vg (0, ) GrDmg b T +7, (1, 2q) T+120 ;I arg (0, 2)

The equation (3.6) completes the proof of (3.12). To prove (3.13), put x=1/ (1 —q) in
(3.12).

Corollary 3.6. Forr =1, 2, ---, the rth derivative of the incomplete gamma function can be estimated by the equation

1 :
(0, 2 =—(C_‘”1n7+la}+ W’”laz)
100,2) = — (L)

And for the gamma function by the equation
T (r+1) (1)
r+1 | (3.17)

(3.16)

) =

Theorem 3.7. Form=1, 2, ---, we have for incomplete g-gamma function
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m('m.+1)

(=1™q

[m],!

—InzE, " Z(—l)'q
i=1

lnq ‘Zqu(— Vg~ =l | (3.18)

Vg(=m, ) = (q (In? 2E;7 + 7 (1,2)) + ng(E (2, q) + 7,) [1 + Hm“’}

2Ing 1—gq

And for g-gamma function

m (1)
1)™q qg—1 1 H,. Ing H;
(- ( (1 1 d :d
R ot i ).

(3.19)
Proof. From the definition of g-derivative, we see that
Ingq

q—1
On g-integrating from ¢ — x with taking the neutrix limit, we obtain

Ing . PR,
= 1fyq(—'rn,,:1:) =N — 21_}11(1] /6 t "B, D, Intd,t

On g-integrating by parts with using the g-derivative of two product functions

1 4 m— lE tq __ tmeqftqulnt

Dq[f(t)g(t)] = g(t)Dqf(t) + f(tq)Dag(t) = f(t)Deg(t) + g(tq)Dgf(t) and the equation (3.6) would yield

In

q m m,,— 1 —xT
- 17(](—m,.7;) = [m]gvy (=m, x) + ¢y (=m + 1,2) + ¢"2" " InxE,

Which can be rewritten as
m

Y (=m, ) = ——y! (=m + 1,2) — g(m)
[m]q

Where

Ingq qm

g(m) = 1 qm'Yq(*

z " nzE "
[mlq 1

Inserting (3.3) into the above function yields

m(m+1) m
Ing (-1)™q— =z a G- »
_ Hpg — Er(,q) =74 — BE;7 Y (1 2 Iy~
g(m) 1—gq [’Nl]q ] [TTL]q. »q 1(.14 Q) Tq q 1.21( ) q z
q’m B B
+ —2 "lhaE *
[ml, 7

As similar as in Theorem 3.3, we can arrive at

m('m,+1) m(m+1) m
(—=1)™q

A 0

[m],!

ﬂ}’;(*maaj) 7;(033:)

[m}q!

Substituting g (i) and (3.12) into the previous result would yield the desired result.
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Corollary 3.8. Form =1, 2, ---, we have for incomplete gamma function

-H™ (1 " H,
¥ (=mz) = ) (5(1112 v 4 "(1,2)) ~ Hu(Br(@) +7) + Y
’ i=1
—Inze * Y (—1)'(i—1)la ' —e Z Z( DI — Dl |,
i=1 i=1 " j=1 (3.20)

and for gamma function

—1)™ [ I"(1) " H;
F’ - =( - H"m ==
(=m) m) ( 2 " +; 7

(3.21)
Theorem 3.9. Form-12 --and r=2,---, we have
B )m m(m+1) (_1)mqm(n;+1) m i)
) _ . ) o gD V1 (s
Vg (=m,x) = Yg (0. 2) (=1)'q~ = [ilg!h(i, 2),
1 [m],! q [m],! ; 4
(3.22)
and
m(m+41) 'rn('m+]) m
. (71)711q72 ” ( l)Tn . (i+1) ]
T T i=1
(3.23)
Wﬁere
ring In" g -
hii,z) = (’_1)( i, 1) + 9 p=imn vE, " + In~ Jqqf(J)( i,x).
1—¢ H -¢ =
(3.24)
Proof. The equation (3.14) can be read for r =2,3,---as
]. 1‘—1t 7—1 r—2 ) 1 t
I =9- DlT d ()h_qu
t ring —

Multiplying both sides by t ™E q "9 and then g-integrating from e to x with taking the neutrix Iimit to be

—1 1
N— hm/ Dy(In" )t~ B dgt— w7 ( )ln q’y( J(—m.z)

r—1 m
’Yé (=m.2) = ring

On g-integrating by parts with using the g-derivative of two product functions and the equatlon (3 6) would yield

W= (=m, x) = f,hlq (qmﬂ?_m In" 2B + ¢y (—m + 1, 2) + [m]qvé")(—m,w))

7—1 —2

1
d Z (r + ) ln*?'q'}fq ) (—m, x)

=0

Which can be read as
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m

. —
fytg')(—fm, x) = !

[mlq

Where h (m,x) is defined as in (3.24). As similar as in Theorem 3.3, we can arrive at the desired results.

7( N(=—m+1,2) — h(m,z)

Corollary 3.10. Form,r =1,2,---, we have

‘ —1)ym - ] )
Y (=m, ) = (r(+71))m' (e_"‘ In""'x+ ’)’(?+l)(1,(1,‘))
( 1 m M (r—1) . 1T o
Z( D — 1)y (—i,z) + 27" In" 2e™"),
m! 4
(3.25)
And
, —1)mrOED(1) (1) & ; ;
00 (=) = (-1) '( )+ 7 ( l) Z(—l)"(i—l)!lﬁ(’*l)(—z,
(r+1)m! m! = (3.26)
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