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Abstract

This review seeks to describe, from first principles, the nature of the interaction forces in atomic and ionic liquids. The atoms and
molecules made up of dipoles and multipoles interact with van der Waals forces, while the ionic systems are viewed as pseudoions
interacting through effective forces depending on the electronic structure and the physical ionic arrangement. The interplay
between these two aspects of materials is quite complex and forms the main subject of this review.

As it will be shown, the two-component system of interacting electrons and ions can be reduced, in second order perturbation
theory, to an effective one-component system made up of pseudoions acting under the influence of two-body, central, screened
potentials. These potentials result from a weak interaction between the electrons and the ions, deduced from the pseudopotential

theory.

Once the interatomic forces are known, the atomic structure and the electronic transport properties can be determined by methods
of classical mechanics and quantum mechanics. Besides, a large volume-dependent term in the free energy, independent of the
ionic positions, which distinguishes the conducting liquids from the simple isolator liquids like argon, is indispensable for

explaining the thermodynamically properties.

1. Classification of Liquids

A liquid is a phase of condensed matter in which the density is further
removed from that of the gas phase than that of the corresponding solid
phase. Because of this large difference of density between liquids and
gases, the thermodynamic functions of liquids cannot be developed as
a function of the density, as done for the gases. But, although the
density of liquids is close to that of solids, at a similar temperature, the
lack of translational symmetry and long-range order does not allow a
theoretical description of liquids as easily as for solids.

Liquids have been classified for a long time according to their
electronic or atomic transport properties. For example, the liquids (like
solids) can be divided into insulators and conductors; for conductors, it
must be still indicated whether the conduction is ionic (the conductivity
of molten salts varies from 1 to 10° Qt.m™) or electronic (the

Un(ry,...,rn) = Z

i<j i<j<k

where uz(ri,rj) is the 2-body potential, us(ri,rj,r) the 3-body
potential, etc. This notation clearly indicates that if three particles (i,j,k)
are interacting, their potential energy consists of the sum of the 2-body
potential [uz(ri,rj) + uz2(rj,r) + uz(rkri)] plus the 3-body potential
ua(ri,rj,rg).

The most representative simple liquids are the noble gases: argon,
krypton, xenon as classic liquids, as well as neon and helium, which
are considered as quantum liquids when the de Broglie wavelength of
the atoms is of the same order of magnitude as the interatomic distance.
At low densities, the methane (CH4) can also be regarded as a simple
liquid because it consists of nearly spherical molecules.

In the category of simple liquids, enter also, without restriction, the
liquid metals such as alkali metals (Na, K, Cs ...), noble metals (Ag,
Au, Cu) and most of polyvalent metals. Germanium and silicon can
also be seen as such, although they have a pronounced tendency to form

ua(r,rj) + Z us(r;r;re) +

conductivity of liquid metals is of the order of 106 Q*.m™?). However,
the liquids can also be classified according to their ability to flow more
or less easily. While most of simple liquids have low dynamic
viscosities (1072 Pa.s), certain organic fluids may have viscosities much
larger (1 Pa.s).

Among the possible classifications of liquids, the least controversial
is the one made on the basis of the interactions acting between atoms
or molecules, because a specific interaction dominates in each type of
liquid. This review is solely devoted to the simple liquids that is to say
to liquids characterized by interactions in spherical symmetry whose
forces have the center of mass of the particles as the application point.
For such systems, the potential energy U is written as a sum of N-body
potentials:

>

ua(ryr,rer) + ...,
i<j<k<l

covalent bonds. Unlike the noble gas atoms, the metal atoms have
incomplete electron shells occupied by the valence electrons forming a
gas of nearly free electrons. Thus, it may seem strange that a metal,
composed of ions immersed in an electron gas, can be regarded as a
simple liquid. In fact, this is legitimate to the extent that the metal can
be thought of as a set of pseudoions interacting with a pseudopotential,
the concept of which was developed by Phillips and Kleinman[1].
Although the concept of pseudopotential is more difficult to justify for
the transition metals and rare earth metals than for the normal metals
(alkali and polyvalent) - due to the hybridization effects between the
valence electrons and core electrons - the fact remains that, from a
structural point of view, all the liquid metals are considered as simple
liquids. It should be mentioned that the pseudopotential formalism is a
powerful tool used to define the pair potential in liquid metals, which
depends on the density and temperature, unlike the pair potential of the
rare gases.
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Binary alloys and liquids having important directional effects will
not be investigated here. Examples of these liquids are the
homonuclear (N2, Oz, Hz) and heteronuclear (CO) molecular liquids,
the associated liquids (water, glycerol ...) characterized by hydrogen
bonds and the polar liquids (HBr, SOz2...) whose molecules have a
strong asymmetry or pronounced electrostatic interactions.

Another class of simple liquids, with a structural length scale
between 10 nanometers and one micron (1000 nm), will not be
investigated either. These systems are composed of mesoscopic
particles 1000 times larger than atoms, immersed in an aqueous
solution. They include the colloidal suspensions, spherical polymers,
biological macromolecules, etc. Although they are more sensitive to
mechanical stresses than the atomic systems, their thermodynamic and
structural properties can be calculated with the same theoretical models
as those of the atomic systems. Their interparticle potentials will be
examined in another paper.

2. Typology of Microscopic Interactions
2.1 Interactions at Short and Long Distances

The low compressibility and the relatively high density of liquids
show respectively the existence of repulsive forces at short distances
and attractive forces at long distances. The repulsive forces prevent the
collapse of the matter on itself and the attractive forces give the
cohesive properties. Generally the interactions between two entities
(molecules or atoms are investigated in terms of potential energy uz(r)

. )L(,',) (: _du?.” .
and not in terms of force a7 ). The potential energy
(potential) is calculated using quantum mechanics.

The potential associated with the repulsive forces between two
atoms not overlappmg, has usually the form:

u Irp ZP

Where Pi(r) are polynomials in r and rci parameters depending on the
individual atoms. This interaction potential takes into account the
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Regarding the potentials associated with the attractive forces at long
range, they contain various contributions that are better known than
those of the repulsive potential. These attractive forces, discovered by
London but called the van der Waals forces, result from the presence
of dipoles or multipoles in molecules and atoms.

2.2 Interaction between a Dipole and a Point Charge

In this subsection we recall the calculation of the potential energy
of interaction between a dipole and a point charge (monopole), which
is at the basis of the study of the van der Waals forces. An electrostatic
dipole consists of a pair of two point charges of opposite signs, +q and
—q, located at points A and B. The electric dipole moment is defined by
the vector p:

p= q,BA, (3)

To calculate the potential energy of interaction between the dipole
and a point charge Q, we fix the point O in the middle of AB = | and
assume that the charge Q is located at the distance OM =r (with r > I)
in the direction 6 (Fig. 1). The potential energy is given by Coulomb’s
law:

electrostatic repulsion exerted between the two nuclei and the effects
due to the Pauli Exclusion Principle. In practice, simplified forms of

Tep (..
Usg (7 ) are used such as that of Born and Mayer [2]:

T‘Ep

w7 (r) = aexp(—7)

: @

Where a and b are two constants determined by adjusting certain
physical properties of the experimental results. But the value of b can

~ () z1/3

also be estimated with good accuracy by the relation V2
, where ao (= 0,0529 nm) is the Bohr radius and Z the atomic number.

Sometimes the following formula, in inverse power of r, is used:

c

rep _
)= @

Where ¢ and m are two constants to be determined.

Figure 1: Schematic representation of the dipole AB interacting with
the point charge Q.
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Where: so that:
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In substituting this result in equation (4), and taking into account of
equation (3), we are in position to write the potential energy u(r) in the
form:

(r) qQ lcosb Qp cosb
u(r) = — 5— = — :
Aweg 12 Ameg T2
4 . ®)

It should be noted, in passing, that the electric field created by the
dipole at the point M is E = —gradV, where V is the electrostatic
potential associated with the potential energy u(r) by the relation u(r)
= Q.V (r). Therefore, the electric field modulus at the point M is
expressed as:

B(r) = édz( )

_ pcost 2

Areg T3 )
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2.3 Intermolecular Interactions

Often, the potential energy is calculated between a set of charges g,
gathered in a small volume, and a point charge Q located at a distance
r of this volume.

If the sum of charges in the volume is not zero (qi =

: SN g
it can be taken that the total charge — 4i is concentrated at the
centroid, so that the potential energy is calculated with the formula:
L Q) a
ur) = — <=2
dmeqg T
But to get better accuracy, the calculation has to be performed for all

the individual charges, which amounts to evaluating the potential
energy u(r) as an expansion in powers of 1/r.

0, as inanion),

—

If the sum of charges in the volume is zero (~~qi= 0, as in a
molecule), the first term of the series in 1/r is zero. In addition, if all
the charges giare reduced to a dipole (consisting of one charge —q and
one charge +q), the potential energy between the point charge Q and
this dipole is given by equation (6). It is proportional to 1/r?, But it may
happen that the charges are reduced, not to a dipole, but to a quadrupole

(set of 4 charges —¢» +4, —q, +q arranged symmetrically about
the centroid). In this case, the term 1/r?is zero and the potential energy
between the point charge Q and the quadrupole is proportional to 1/r3.
If there is no quadrupole, the term 1/r® is nonexistent and an octupole
(set of 8 charges arranged symmetrically around the centroid) must be
considered, and so on. Thus, a set of charges can be decomposed into
multipoles (dipoles, quadrupoles, octupoles...) playing a significant
role in certain circumstances.

The simplest polar systems are formed of monopoles. These
systems, such as molten salts, consist of charges Q = ze (e.g. NaCl
composed of charges +e and —e). Other polar systems are made up of
permanent dipoles (hydrogen bromide composed of uncharged
molecules with a dipole moment pa) or still of permanent quadrupoles
(liquid nitrogen composed of molecules having a quadrupole moment
pq). The potential energies between these various entities are calculated
by direct application of the laws of electrostatics. For example, the
potential energy between one point charge Q and one dipole moment
pais given by equation (6), i.e.:

Qpg cosl
dmeg 12

ugd(r) = —

Similarly, the potential energy between one point charge Q and one
quadrupole moment pq is calculated with the formula:
Qp,
_ g e
— 5 (3¢

uQq(r) = ~Tomeqr 3cos?d — 1

In the case of the potential energy between two dipoles of dipole
moments pa1 and Pz, it is expressed as:

Pd1-Pd2
udd(?‘) = (—(

. [2 cos f1 cos Ay — sin B sin 5 cos (¢
Amegrs
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Figure 2: Positions and orientations of two dipoles separated by r
along the z axis. The orientations are defined by the angles 01, ¢1, 62
and g2.

Thus, it is possible to calculate the potential energies between all
the entities: monopolemonopole (QQ), monopole-dipole (Qd),
monopole-quadrupole (Qg), monopole-octupole (Qo)..., dipole-dipole
(dd), dipole-quadrupole (dq)..., quadrupole-quadrupole (qq) ... and so
on. All these expressions are given for specific position and orientation
of the entities. As an example, figure (2) shows two dipoles separated
by r on the z axis, where 61 and 62 are the angles between the dipoles
and the z axis, and g1and g2 are the azimuth angles. The five parameters
r, 61, B2, p1and g2 completely determine the positions of the two dipoles
and the potential energy uad(r, 01, 62, p1, ¢2).

Keesom[3] suggested calculate the thermodynamic properties of
these systems with the average potential energy u(r,T), obtained by
integrating u(r) over all orientations of the molecules according to the
relation:

[/u ) exp [—fu (r)] sin 61dfdo; sin 03dfadd,y

u(r, T) =
[/ exp [—fu (r)] sin 01d0dp, sin OadOyde,,
)

A= 1
Where the Boltzmann factor exp (—fu) is used, with™ — &gT in
order to give a greater weight to the orientations of molecules
corresponding to states of lowest energy. As a result, the average

potential energy'”'("': T') loses its angular dependence, but acquires a
temperature dependence. Since these integrals are very difficult to
calculate, the Taylor expansion of the exponential function is generally
used around the average value of the potential energy, i.e.:

/]u [l — B(u—1)+ ...]sin01d0,d¢p, sinOadfadg,
u(r,T)

// [1— B(u—1)+..]sin01dfdep, sin Oadfadp,

This expression allows the evaluation ofﬁ(?’s T) by the equation [4]:
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1

— [64 r//u, sin 01d01d¢, sin ()Qd()gdc/)Q] + ...
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Below the expressions are shown for the average potential energies of the
main molecular entities (monopole-monopole QQ, monopole-dipole Qd,
monopole-quadrupole Qq and dipole-Dipole dd:

_ Q?

uQo(r) = ——,

_ 1 Q%)
Uqalr) = —37 e
_ 1 Q%
T A
_ 2 phph
Uaa(r) = —dl-d?

C BkpT b ©)

It is found that the greater the number of poles in a molecule, the faster
the potential energy drops away with distance. Thus, the potential energy
between monopoles varies like r, the dipole-monopole potential energy
like r#, the dipole-dipole potential energy like r®. It is also demonstrated
that the dipole-quadrupole potential energy varies like r?8, the
quadrupolequadrupole potential energy like r™2°, etc.

Sometimes a set of charges having no permanent dipole moment
acquires an electric dipole moment when placed in an electric field.
Indeed, it can be understood that a molecule composed of electrons and
nuclei with no permanent dipole moment can, under the action of an
external electric field, see the electrons and nuclei move in opposite
directions, creating a new equilibrium configuration with an induced
dipole moment. Naturally, superimposing permanent dipole moments on
induced dipole moments is possible. In this case, the potential energy is
composed of two contributions. One is due to the interaction between
permanent dipoles and the other to the interaction between induced
dipoles.

Usually, the purely electrostatic forces between polar molecules
(permanent dipoles) are weaker than those acting between nonpolar
molecules (induced dipoles), and might be therefore neglected. By
contrast, in highly polar molecules, such as those of water or acetone, the
electrostatic forces are masked by strong chemical interactions that
depend on the orientation. These will not be discussed here.

2.4 Interatomic Interactions

The electrostatic forces, which have been described in the case of
spherical molecules (nonpolar), gain a special importance in the case of
atoms. The reason is that the fluctuations of electron density in an atom
produces an instantaneous dipole. Indeed, the movement of the electrons
around the nucleus moves the centroid of negative charges, and
contributes to the formation of an instantaneous dipole that fluctuates in
magnitude and direction at the rotation frequency of the electrons (~ 10%°
s1). In addition, the electric field created by the instantaneous dipole
affects the movement of electrons in a neighboring atom giving rise to an
induced dipole, which fluctuates in phase with the first dipole. Generally,
the two dipoles are aligned and exert one upon another a force of
attraction. This force is called the dispersion force for the following

reason. The electric field created by the instantaneous dipole of the first
atom propagates at the speed of light towards the second atom, and the
dipole induced in the second atom in turn emits an electric field in
direction to the first atom. If the two atoms are close enough, the two
dipoles fluctuate in phase and their directions are identical. But if the
atoms are far apart from each other, a phase shift occurs between the
electric fields, hence a disorientation of the dipoles

Figure 3: Interaction between the induced dipoles created
in two neighboring atoms.

And a decrease in the strength of interaction. This effect is comparable
to the dispersion of light in a medium of given refractive index.

The calculation of dispersion forces was made by London [5] with the
perturbation theory of quantum mechanics, but the general expression can
be established simply [6] using the model of the Bohr atom®. Considering
the Bohr atom, it can be assumed that the instantaneous dipole moment,
created between the nucleus and the electron, is roughly speaking (Eq. 3):

p1 = eay, (10)

Where e is the electron charge and ao the Bohr radius:

62
apg = ————
Bmephy,

(11)

The energy of the Bohr atom in its ground state, also called the
ionization potential, is | = v, where v (= 3, 3.10155s 1) is the characteristic
frequency associated with the movement of the electron in its orbit.

The electric field produced by an instantaneous dipole at distance r
from the atom (Eq. 7) is on average:
ea
E(r) ~ 1 7 = 0 3
Amrepr: 4meqre

(12)

The energy of the Bohr atom in the ground state is:

me*
T Q22
8egh

Eo = = —2,18.10 '* J (13,6 eV)

1
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With:

m = 0,911.10%%kg,

e = 1,602.101°C,

e = 8,854.10-12 J-1.C2.m—1,
h = 6,622103%Js.

But Eo (= —Av) also corresponds to the energy of the electron on its
lowest orbit, of radius:

eoh? 0

ap — = 0,0529.10

Tme?

Then, the characteristic frequency associated with the movement of the
electron on its orbit is given by the expression:
Fo me? 1 €2 15 -1
— — = — f— 3.310 5
h 8c2h?  ag 8wenh ®

Which links aowith v.

However, a second neutral atom situated in this electric field, at
distance r, undergoes a polarization and acquires an induced dipole
moment:

aeap

pe=abi(r) = ———5

dmegre, (13)

Where « is the polarizability of this atom. This quantity, which

measures the ability to move the electronic distribution in the atom, is
proportional to the volume of the atom:

o~ flﬂsoag (14)

Thus the potential energy of attraction between the dipoles p1and p2is
obtained by performing the product of the dipole moment of the second
atom (Eq. 13) by the electric field, on this spot, created by the first atom
(Eq. 12), namely:

ugg?(r) = —E(r)pa,
B eag aeay aega%
o Amegrd Amegrd (47750)2 6

Therefore, using equations (11) and (14), the potential energy between
two atoms separated by distance r is written as:
disp 6
Us r)=—
> () ="7%, (15)
;YG ~ 202 hy
Where the constant (4720)° depends on the square of the

polarizability « and the ionization potential 4v, as could be demonstrated
by a precise calculation using quantum mechanics.

In dense systems, the presence of a third atom brings a further
contribution to the twobody potential (Eq. 15). This is a three-body
potential calculated by taking into account the dispersion forces between
three dipoles [7], [8]. The analytical expression of the triple dipole
potential, varying as r®, is expressed as a function of the atomic
polarizability & and the constant Cs as:

14 3 cos 0 cos by cosly

dis -
Uggg (T12,723,713) = Zacﬁ 3.3 .3
12723713
, (16)

Where the angles 61, 82and 6 are those of the triangle formed by three
atoms (1,2,3) with sides ri2=|r2—ri, rzs=|r3—rz| and riz = |r3— ra|.

It should be mentioned that the full calculations of the two-body

disp . L dispy o
potential %2 () and threebody potential®3 (712:793,713) allow
us to generalize equations (15) and (16), respectively in the following
forms:

Wby = Cg Cs Cho
2 - 76 8
76 8 710 17)
“d'.isp . rudisp + ud'.i.'sp + ud'isp + udis;n +
'3 = Ugad ddg daq qqq T The

various terms of these expressions have been calculated by the
perturbation theory to fourth order, applied to the electronic structure of
atoms. The details of these issues will be found in specialized articles [9],
[10], [11].

2.5 Potentials in Liquid Rare Gases

Although the coefficients Ce, Cs, C10in equation (17) are related to the
energies of atoms, their values are only approximate. For example, for
argon, they are:

. 3a’l I
CG =~ 1 CS =~ 50{,‘ (W) 3

With a value of the atomic polarizability o = 1, 64.107 nm® and an
ionization potential of | = 17, 5 eV, the calculated value of Cs is worth
about 9/10 of the experimental value. The values of the coefficients Ciare
only approximate and the attractive potential in liquid rare gases are not
rigorously defined. It is a matter of fact that the calculation of the
repulsive potential is even more questionable. This explains why the
construction of potentials in liquid rare gases is a combination of ab-initio
and empirical calculations.

1

The first explicit calculation of the interaction between two helium
atoms has been done by Slater and Kirkwood [12]. The resulting
expression is the sum of a decay exponential function for the repulsive
contribution and a power function varying as r® for the attractive
contribution:

T Cs
u(r) = aexp( b) =y

Where a,b and Cs are three constants. It is found that the repulsive
interaction is of the BornMayer type (Eq. 1) and the attractive interaction
is due to induced dipole-induced dipole dispersion forces (Eq. 15).

One of the most realistic two-body potentials for noble gases has been
proposed by Aziz and Slaman[13] under the form:

2
Chivs
ug(z) = Aexp(—ax + Bz?) — F(x) Z }i T::
i=0 .

Where x = r/rm is the reduced distance and rm the position of the
potential well. To eliminate the divergence introduced by the terms of
dispersion to small distances, the authors have chosen to use the
amortized function F(x):

C]() =~ 3005 (F

;
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Flz) =

This potential model is composed of eight parameters determined by
fitting some experimental quantities, the values of which will be found in
the original article, for various rare gases. It should be noted that this
potential is a pair potential and that the three-body Axilrod-Teller
potential have to be added to improve the accuracy of calculation of the
physical properties.

3 Law of Corresponding States
3.1 EMPIRICAL POTENTIAL

To facilitate the study of properties of liquids, it is desirable to use
simpler expressions of the potential, although realistic, in order to
simplify the analytical calculations. For example, the Gaussian potential
is sometimes used to represent the repulsive part at short distance,
because it facilitates the calculation of integrals that contain it. Also, the
square-well potential:

+o¢ it r<g
ul(r) = —z if o¢<r<Aa
0 if 7 ¥a!

Is widely used for its simple mathematical form. It correctly predicts
the thermodynamic properties and the local structure of liquids. Without
the square well, this potential reduces to the hard-sphere potential, which
is also widely used.

There are a plethora of empirical potentials, but one that seems most
appropriate to investigate the simple liquids is the Lennard-Jones
potential. It is representative of many real potentials, insofar as it can
describe numerous physical properties, without undue complexity of the
calculations. Its general form is:

f\' ¢ Nob

po’ - kT No? “ )
3V q kgl V

£ e V

T* 1
* r]l*. I,/* — jr* If*
p ( ) ) V* SI/‘* ( )

=[G

Where ¢ and ¢ are two parameters to be determined. The most
commonly-used expression is that with n = 6 and m = 2n = 12. With a
repulsive part varying as r2and an attractive part as r®, it owns strong
physical justification in view of equations (2) and (15). Moreover, the
choice of the parametrization is particularly suited to the mathematical
description of the function u(r). Indeed, o is the value of r that makes the
potential zero and ¢ is the depth of the potential well. By calculating the

du(r)
derivative” dr , it is easy to see that the minimum position of the
potential well is located at rm = 2¥65, with u(rm) = —¢. The values of the
parameters o and ¢ are determined by fitting some experimental
properties. They also allow estimating the coefficient Cs(= 4e0°). For
argon, the value of Ce resulting of the empirical values of ¢ and o is almost
two times larger than the theoretical result.

Despite its limitations, the empirical potential of Lennard-Jones has a
universal behavior favouring the study of many simple liquids, which
differ from each other by the scale factors oi/ gjand &i/ ¢j. Indeed, it is
reasonable to assume that the potential u(r) of each simple liquid can be
represented in terms of a universal function u*(r) as:

r

u(r) = au*(;)

Which is typical of the Lennard-Jones potential.

1

Note that the equation of state of liquids is expressed by means of the
configuration integral Zn(V,T), according to the equation:

a
p—RBT

V. T
P\ In Zn( )

(20)
Using the expression for Zn (V,T), the pressure is given by the
following equation[14]'

Au(ri;)
p==k 1 — i —— —
B Vv 31/2,\;1 T ;Z/L\[J ()“J }exp[ /

J>t

Where U (rN) = ij>iu (rij) is the potential energy of liquid consisting of
N atoms. When the potential energy is assumed to be a sum of pair
potentials of the universal type:

Ny = ZZM(P,J) = ZZEU*(—

i j>i i j>i

1

The pressure may be written in the functional form:

N CN ¢ No3
= kT — (—=, ——
e Ng3

Where g ( kpT? 1_) is a dimensionless function depending on the
nature of the potential u*, i.e. the parameters ¢ and o. It follows that the
pressure depends on the temperature T, the volume V and the universal
function u*, through the function g*. However, if the two parameters ¢ and
o are used to define the reduced variables:
kT V . po’

N ‘«‘!* = -, ) =
. N3 =

Equation (21) takes the reduced form:

.Ir* —

po®  kgT No® No3 “ e No° )
- = — = g G AR
3V kT V or:
(22)

£ e V

IS
Ve 3ved

P, V) = (1, V)

This shows that the reduced pressure p*is a universal function of the
reduced temperature T+ and the reduced volume V *, for all the liquids

N e
described by a potential of the formu(7) = eu*(3), Equation (22) is
known as the law of corresponding states stipulating that all the liquids
of the same family, interacting with the potential u+, obey the same
equation of state in terms of reduced variables. As this reduced equation
of state must apply to all the thermodynamic states, notably to the critical
state, it is required that the values ofPes 1o and Ve are universal
constants for all the liquids described by the potential u*. For the Lennard-
Jones  potential (12-6), the  approximate  values are
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pe =2 0.28, TF = 1.3 gngV." = 1.33 50 that the product is equal
peVe )98 peVe

to T& = 777, The experimental values of 7% found for simple

liquids [4] (Ar, Kr, Xe, N2, Oz, CO2, CHa...) are about 0.290 + 0.005,

which yields an acceptable test of the theory.

3.2 Relationship between Potential and Limits of Phase
Stability

One of the successes of numerical simulation has been to establish a
relationship between the features of the interatomic potential and the
limits of stability of phase diagrams, thus clarifying the circumstances of
the liquid-solid and liquid-vapor transitions. It has been shown, in
particular, that the hard-sphere potential is able to correctly describe the
atomic structure of liquids and predict the liquid-solid transition [15],
[16]. By contrast, it is unable to predict the liquid-vapor transition, which
is due to the presence of attractive dispersion forces. More specifically,
. m=0 —_—

I m=12

|
|
|
|
|
|
ey |
|
|
|
|
|

the simulation results have shown that the liquid-solid phase coexistence
curves are governed by the repulsive part of potential, that is to say, by
the steric hindrance of the atoms. This was already contained in the
phenomenological theories of melting, like the Lindemann theory that
predicts the melting of a solid when the average displacement of atoms,
relatively to their equilibrium positions on the lattice, exceeds the atomic
diameter of 10%. In other words, a substance melts when its volume
exceeds by 30% the volume at 0 K.

Figure (4) displays the diagram p(T) of a pure substance as well as the
Lennard-Jones potential (Eg. 19). One can see how the slope of the
coexistence curve for solid-liquid phase varies with the repulsive part of
the potential. Indeed, the greater the value of m, the steeper the repulsive
part of the potential (Fig. 4b) and the less sloping the solid-liquid
coexistence

u(r)

(b)

Figure 4: Schematic representations of the diagram p(T) and the Lennard-Jones potential.

Curve (Fig. 4a). Moreover, it becomes apparent that the Lennard-Jones
potential predicts the liquid-vapor coexistence curve that begins at the
triple point T and ends at the critical point C. A detailed analysis shows
that the length of the segment TC is proportional to the depth of potential
well ¢. For rare gases, it is verified that (Tc —Tt)ks = 0.55 . It follows
immediately from this relation that the liquid-vapor coexistence curve
disappears when the potential well is absent (¢ = 0).

In addition, the value of the slope of the segment TC also depends on
the attractive part of the potential as shown by the Clausius-Clapeyron
equation:

dp L, ap

dar Tvap{w;u‘p - Viiq)’ (23)

Where Lvap is the latent heat of vaporization at the corresponding
temperature Tvap and (Vvap — Viig) the difference of specific volumes
between vapor and liquid. To evaluate the slope ¢r% of TC, at ambient

Luap Lvap g5
pressure, we can estimate the ratio Zvap with Trouton’s rule (Tvap —
J.KL.mol™?) and the difference of volumes (Vvap —Viig) in terms of width
of the potential well. Indeed, noting that the quantity (Vvap—Viig) is an
increasing function of the width of potential well, which itself increases
when n decreases, we remark that the value of the slope of the liquid-
vapor coexistence curve decreases as n is decreasing, for a given well
depth e.

For liquid metals, it should be noted that the repulsive part of the
potential is always softer than for liquid rare gases. Moreover, even if ¢
o (Te—Tr)ks
is slightly lower for metals than for rare gases, the report € is
much higher (between 2 and 4), which explains the elongation of the
segment TC compared to that of rare gases. Also we mention that some
flat-bottomed potentials [17], [18], [19] are likely to give a good
description of the physical properties of elements having a low value of

Tm

ir
the ratio7c. Such potentials are obviously not suitable for liquid rare

06, or organic and inorganic liquids, for which

~

Ir
gases, for which7e: —

§ r Iﬂ A=
0.25 < Te < 0.45 . By contrast, they might be useful as empirical
potentials for metals with low melting point, such as mercury, gallium,

IL
indium, tin, etc. with a ratio7c < 0'1.

4. A Weak Electron-Ion Interaction
4.1 The Schrodinger Equation

The atoms of rare gases considered in the preceding subsection have
electronic shells completely filled. This ensures the stability of their
electronic structures and allows treating the rare gases as liquids
composed of single atoms. In contrast, the atoms in liquid metals have
few electrons in the outer envelope - the valence band or s band. They
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are called the normal metals, such as alkali metals, which have a single
electron in the s band. The easiness with which they can lose the valence
electron gives them a high electronic conductivity. The polyvalent metals
with several valence electrons are also assumed to be normal metals. In
contrast, the noble metals and transition metals that possess, in addition
to the valence electrons, a narrow d strip overlapping the s band cannot
be treated like normal metals, because there are interactions (s-d
hybridization) between s electrons and d electrons participating in
conduction.

In normal metals, the conduction electrons, separated from ions,
constitute a free electron gas that plays an active role in determining the
energy of the system while the core electrons, tightly bound to nuclei,
have no major impact. These considerations put forward by Drude, a
century ago, suggest to consider the liquid metal as a mixture of ions
interacting within the free electron gas and to write the energy E of the
liquid metal as a sum of two terms:

E = Nug(V,T) + Un(V,T,Ry,...,RN), (24)

Where the first term is the energy contribution that depends on the
temperature and volume of N ions, and the second term is the energy
contribution depending, in addition, on the configuration of ions in
positions Ri. It will be seen later that this contribution can be written as
the sum of effective pair potentials:

Uv(V.T,Ry,...Ry) = é Z Zu(Ri_i)

Between entities (pseudoions), which differ noticeably from the
genuine ions. The sum ij=i and the factor 1/2 come from the fact that the
interaction between a pair of particles should not be counted twice. The
effective potential u (Rij) has a functional form that depends on the
volume and the temperature, as well as on the capacity of the electron gas
to screen the ions.

The calculation of the energy E is a complicated problem of quantum
mechanics solved by the perturbation theory to second order of the
pseudopotential, i.e. the interaction between an electron and an ion.

Since a liquid metal is considered as a set of ions of charge Ze (where
Z is the valence), imbedded in the free electron gas, its dynamic state can
be described owing to the Schrédinger equation:

Hy = Ey, (26)

Where H is the Hamiltonian of the system, y the wave function and
E the energy. The Hamiltonian operator H contains all the forms of
energy such as kinetic energies of the free electrons and ions:

o= Y (-5
el = - 2m )7
h? 9
Ty = -0
()

And potential energies of the electron-electron, ion-ion and electron-
ion interactions:

i A
. (25)
1 1 e’ 1
Uci—er = ~§ E =_§;§jU, i — i),
=l el 2 : , ' 471_50 Irg, o rjl 2 _ “ . =] (lrz r] |)
(A ) : Z Ve
1 1 Z2e? 1
Uio_i = —E g =—E E U; R, — Rg
io—io > . Ao |R’a — R',{i’l > i0 (l faY ,Bl)
[S G P e [T B X"
Is ,2
(-](3], —Z0 - - Ze

S e
?: v “CX Z
In such a scheme, the ions of mass M have coordinates R, and the free
electrons of charge e and mass m have coordinates ri.

To solve the Schrddinger equation (Eq. 26), it is essential to reduce
the system of (Z +1) N particles® into interaction to a system of
independent particles, with reasonable simplifications, this in order to
write the wave function y of the system as a product of wave functions
of all the particles and the total energy E as a sum of energies.

h? _.
2 (—z’me ) 5 DD Ut (s =

i gL

Where el represents the wave function of the electrons in presence of
the ions.

)+ Z Z Uect—io (|Ra — ri|) | Yoy = Feathe
Z v

DD " Uerio (IRa — x4]) -
(8%

i , (27)

The first simplification (adiabatic approximation) takes into account
the difference between the masses of the electrons and ions. The
assumption made here is to admit that the ions are heavier and immobile
with respect to the electrons whose movements are much faster?. With
this simplification, the ion-ion interaction energy Uio—io must be
calculated separately and added to the electronic energy Eel coming from

the electronic Schrédinger equation:

(28)

A second simplification is needed to solve the above equation, which
is not yet related to a single electron because of the double sum on i and
j inthe termij=i Ue (Jri— rj|). Obviously, equation (28), describing the state
of ZN electrons interacting in the presence of the ions, could be reduced
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to an equation for one electron if there was no interaction between
electrons (Uel = 0) since the Hamiltonian would be decomposed into a
sum of ZN Hamiltonians. In the case of a system of interacting electrons,
the reduction of equation (28) is however possible through the Hartree
approximation. The latter consists in (1) approximating the many-
electron wave function wel as a product of single-particle functions:
wel(ry,r2,..., 1i,...) = pi(r)pa(ra)...pi(r...,

And (2) replacing the energy of electron-electron interaction, Uel-el, by
a function - the Hartree potential Ww (ri) - representing the potential
energy of the electron i in the field of all the other €lectrons:

1 1 H
3 > > Ua(lri =) 52 W)
i g = ,

Where the Hartree potential satisfies the Poisson equation*

:__ZW TJ

J?‘t

VW (r

The expression of WH (ri) is:

2
, Tf)
wH ( Zf4 | |dr
e Ir, —ry
i 0 M7 ,
Where its  physical meaning is as follows: (1)
>
(1} e|wjlry)]| _
represents the charge density of the
Electron cloud produced by the electron j, (2) the quantity
e|w.(r;)|” dr;
i\Ti) 1 is the electric charge
Of the volume element drj and (3) the integral

|1~|

4_-'1_. r;—r; ﬂ]..-'. . . . .

is the interaction energy of the electron i
with the electron j. Note that the potential energy WH (ri) of the electron i
depends not only on the movements of all the other electrons but,
indirectly, on its own motion, which consequently influences the
movements of the other electrons. In view of this, the function WH (ri)
determines not only the motion of the electron i but also depends on it.
The determination of the function WH (ri) is made, in principle, in a self-
consistent manner by iterative calculations.

Thus, the implementation of the Hartree approximation enables us to
write the Hamiltonian of equation (28) as:

R, .
He = Z —mv;z +W H (T‘z‘) + Z["el—io (‘Rn — ri|)
i

[#]

:ZHI'
T

And to reduce the Schrodinger equation for multiple electrons (Eg. 28)
to the equation for a single electron:

52

—2—v2+n’” +ZU(,5 i (Ra —

; (29)

ri|) | ¥ = By

Where the wave function of the system el is equal to the product of

{ W = ; |

the single wave functions and the electronic energy of

the system is equal to the sum of the energies of each electron
(Eer = E E;).

It should be mentioned that the Fermi statistics can be incorporated
into the Hartree approximation in replacing the product of single wave
functions by orbitals under the form of a Slater determinant. This new
scheme, known as the Hartree-Fock approximation, leads to an additional
term in the Schrodinger equation taking account of the exchange effects,
which improves the total energy computation. Note that the correlation
effects can also be included in the calculations. In the following, we will
introduce the exchange and correlation effects through the screening and
pseudopotential theories, without resorting to the Hartree-Fock
approximation.

4The Poisson and Coulomb equations are written in the rationalized
1

M.K.S. unit v2or) o« % and

Flr}x

system (SI units) as

Ep—

4.2 Concept of Pseudopotential

The two foregoing simplifications have been made to reduce the study
of liquid metals to that of an independent electron. But the resolution of
equation (29) is not yet possible because the electron-ion interaction
energy Uei—io(r) and the Hartree potential W™ (r) are unknown functions.

Consider first the potential of electron-ion interaction. If the electron i
is close to the ion «, the most important energy contribution is provided
by the electrostatic potential between the electrons i and the ion o (Fig.
5). This potential has a deep well surrounding the ion and varies as 1/r
when the electron moves away. Regarding the interactions between the
electrons i and all the other ions, they are very weak when the distance
separating them is large. Thus they provide no significant contribution to

the energy Ei, so that the dominant feature of the sum Za Uer—i0 (|Ra—
ri[) is to depend only on the interaction between the electron i and the
nearest ion.

To solve the Schrodinger equation for one electron (Eq. 29), the
perturbation theory independent of time is required. This method can be
implemented only when the potential energy operator is small enough to
be treated as a perturbation. However, this is not the case because of the

divergence of the potential Z(x Uei—i0 (R« — ri]) for ri= R.. To by-pass
this difficulty, the true wave function i is replaced by a pseudofunction

xi, sSmooth on the outside and the inside of the ion, with the aim of
transforming the potential energy operator, Za Uei—io (JR.— ri), into a

pseudopotential Wo (P = Z «Wo R« — ril) sufficiently small everywhere to
justify the use of the perturbation theory.

The pseudopotential theory proposed by Phillips and Kleinman[1] is
based on theoretical foundations that will not be discussed here. In turn,
we provide a justification to the fact that the pseudopotential Wo (r) is
small throughout the system, and give a simple analytical expression for
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the individual pseudopotential wo(r) based on the following arguments.

As already mentioned, the potential felt by the electron i in the vicinity of
1 Ze?

the ion « is a Coulomb potential equal to 470 |[Ra—r:|. But the

electron i is also subjected to a repulsive potential generated by the core

wolr) = | Ze?

In this model, it is assumed that the repulsive potential cancels
completely the attractive potential in a sphere of radius Rc to be
determined. Obviously, there are models in which the potential in the core
is not zero. Some, like that of Ashcroft, has a simple analytical form.
Others are operators (non-local pseudopotentials) and, therefore, have no
simple analytical form [21], [22], [23], [24]. All calculations presented in
the sequel will be made with the Ashcroft local pseudopotential.

If it is accepted that a low pseudopotential Wo (r) exists, the problem
of one free electron in the collection of the ions and other electrons might
be then solved. To do this, we rewrite equation (29) with the
pseudopotential Wo (r) and the pseudo wave function yk(r), in removing

wo(r)

—_——

—_
—
—\

ion o | \
{ \\ electron i
-R +R
< \ c
N r_ r
\
\ !
\
II\_ 1 ze?
Atsg, T

Figure 5: Analytical model of the Ashcroft pseudopotential

electrons of the ion « due to the Pauli exclusion principle, which can be
represented by a Dirac peak +Ad(|R« — ri| given the small size of ions.
Therefore, in the vicinity of an ion, the pseudopotential wo(r) may be
taken to be the sum of these two contributions (Fig. 5) using, for instance,
the representation of the analytical model of Ashcroft [20]:

(30)

The index i and using the classical notations of quantum mechanics®:

hg 2 7
—%V + W (r)| xp(r) = E(A)Xk(ﬂ’ a
with:
W (r W(r) = WH (r) + Wo (r).

Then, the electronic energy E(k) may be determined with the
perturbation theory by adopting the free electron model as zero order
approximation. This model states that the Schrédinger equation of one
free electron in a box of volume V is written:

—%V%&(T) = EU(-"“)X?:{T').

It is found that this equation admits a solution under the form of a
plane wave:

1
- exp(ik - 1)

0 _
X}.:(r) \/‘7 , (33)

And has an energy spectrum given by:

thQ
Eo(k) = om. (34)

Thus, in the zero order approximation, the energy of one free electron
E® (k) varies continuously with the square of the wave vector k.
Moreover, the electronic energy of the system composed of NZ free
electrons is:

3 K2k
E=-Nz—L
b) 2m , (35)
kp = (3#21\«')1/ 3
Where 14 is the wave vector at the Fermi level.

?The vector k characterizes any given wave function and must appear as index within thiz function.

5. Form factor, structure factor and electron energy
5.1 Perturbation theory for non-degenerate states

The perturbation theory aims to determine the corrections to the energy
E° (k) and wave function x°%(r) of the free electron system, when a
perturbation W (r) (Eg. 32) is imposed. In this section, we briefly describe

the time independent perturbation theory to second order* for non-
degenerate states, because it is the only useful result here.

Consider the unperturbed quantum system governed by the
Schrédinger equation:
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Hg %(r) = E26°%(r), (36)
Where the discrete spectrum of eigenvalues Eg and eigenfunctions

c,og(r) of the Hamiltonian H" are assumed to be known. As the quantum
states are not degenerate, only one wave function corresponds to each
value of energy. In what follows, it is proposed to determine the
approximate solutions of the wave function wg(r) and energy Egs of the
quantum system subjected to the weak perturbation W", whose equation
Schrodinger is:

(" 2 wp(r) = Epyp(r),

Where A is a parameter primarily used to facilitate the analysis. It takes
the value 0 when the system is not perturbed and 1 when the system is
perturbed.

@37)

To find the solution of this equation, use is made of the Dirac
prescription that consists in expanding the unknown wave function ws(r)
on the basis of the eigenwave functions ¢%(r), namely:

Z [J'O:gor}

o . (38)

This expansion is then substituted in equation (37):

Z Cla (H + )\Ii") @ﬂ(r) = ZCS&ES‘P(OI(I')

Which, with equation (36), may be put in the form:

> csa (8 +AW) (1) = > csa Bt (x)

L A0%
Multiply now the left hand side by*:’w and integrate over the domain
concerned. The result is:

('ﬂrv/ @O*Fasoa(]g”r -+ E :(’/3fY/ ¥ *)\VV—‘:OQUIB? - E (’ﬂrY/ ‘pfy Fﬁ‘r’-‘)a
«

And after simplifications’, this relation becomes:

Z ChaAWaa = (Ez — EJ) cgy
a : (39)

The perturbation theory sets itself as a goal to seek the energy Egand Z [ 0+ /\ ] AV, = (EO +AEy + 22 E o

the coefficients cp, likely to solve equation (37), under the series - '
expansions:

ey
When the system is not perturbed (A = 0), this relation reduces to (Eg — E_?j 003_. = 0 implying
that c%ﬁl = 0 when 3 = ~. In addition, since equation (38) reads:

_ ..0 -
IJ = E a"?:a :5"3[_1)."

it tollows that the coefficient c%a identifies with the Kronecker delta symbol, i.e. c%a 034, that

is worth 0 when o # 3 and 1 when a = 3.

To determine the first order correction of the perturbed system, we
neglect the powers of A greater than or equal to two in equation (41) and
take A = 1:

Z (Sﬁ(.k”'lvqa: = (Eg — E,?) [53:-} + (’Fﬂ:l—gj| + Egl)éjw

if v = Sanda=£3, onegets
if v+ = Sanda=73. onegets
if v+ £ Zanda=3. one gets

EB=EBO + LEB(L) + J2ER(2) + ... . (40)

Cpa=c0Ba + Ac(1)fa + 12¢(2)fo + ...

Where the quantities Eg°and c%, correspond to the unperturbed system
(zero order approximation), Ezand ¢ ® g, to the first order corrections,
etc. By inserting the previous expansions in equation (39), it comes:

(1)

It results from the above relation that:
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Since the base formed by the eigenfunctionsis 1  orthonormal, With these conditions in mind, the first order approximation of the
the three terms of the previous equation are reduced, respectively, to: energy Eg (Eq. 40) and wave function wg(r) (Eq. 38) of the perturbed
chsa / "R dr = cg E° system are written:

' Eg = Ej+Ws,
ZC'H“ [ L,JS*E;W?A(P?- = e, Fp (1) Was
« ' w,ﬁ(r) Z [530 + (’3(1] “Pu( - + Z = FO ‘1‘:‘\(1 )
* r a
Z}C;jn f¢2 W Lpﬁd r o = gc;gﬂlh,.ﬂ . (#3)

. 0157 0 ;3 . R
WhereWra = [ @5 Weod™ T s the matrix element of the

curbati Then, to determine the second order correction of the perturbed
perturbation.

system, we ignore the powers of 1 greater than or equal to three in
equation (41) and take A = 1:

> [&m + ""&” Woa = (155 — 1) [%v +ely) + o) ] + 5 [%v + ‘&(aﬂ + 155765,

(8

WeasW

Es = ES+Wss + Z —“ %
— . — : 1) = a3 o . (44)

In the case where y = g with 8 = a, for which Eg ) = 0, the above

relation reduces to:

5.2 Factorization of the matrix elements

In the study of liquid metals, it is not necessary to go beyond the

E" 2} — E ':_l ) 1= approximations to second order for the energy (Eq. 44) and first order for
3 the wave function (Eq. 43). Consequently, the energy E(k) and the wave
a£d function y(r) of one conduction electron, in the system subjected to the

perturbation W(r), can be evaluated in rewriting equations (44) and (43)
with the notations for the energy and the matrix element of the

(1) perturbation adapted to the problem:
Now, in substltutmg "Ba in the previous equation, with the help of

equation (42), we obtain the energy to second order:

m2E2 | (k- qlIV|K)?
Ek) = —+&kWk+Y ——"0 " (45)
2m ' — p2 {kg k- al? \
g7=0 21 1
_ 1 | (k+q |1V k) 1 L _
(r) = ——exp(ik-r)+ ‘ . xpli(k+q)- 1], (46
Xi(T) 7 Pl r) Z > 2 s SXP L (k+q)-r] (46)

Where the first terms of these series correspond to the energy and the wave function of the free electron model (Egs. 33 and 34), while the corrective
terms depend on the matrix element:

: _ 1 i
k+q Wk = T /e:{p —i(k+q) r]W(r)exp(ik-r)dr, (47)

Which is responsible for the diffusion over a surface of constant  scattering. Since the matrix element must be calculated with the
energy. Indeed, k + gW|k is the expression of the diffusion of a  pseudopotential Wo(r) of the bare ion plus the Hartree potential® W™ (r)
conduction electron from the initial state defined by the wave vector k to
the final state k' = k+q, by the total pseudopotential W(r) weakly
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(Eq. 32), the total potential W(r) is written as a sum of individual
pseudopotentials centered on the ions, under the form :

k+q|/llMk) =

>

W) =WH(I) +Wo(r)= < w(Re«—rl). (48)

Finally, the expression of the matrix element is found in inserting
equation (48) in equation (47):

Tfexp_—z(k—l—q}-l_zﬂjthRQ—1 Jexp (ik - r)dr,

1 . _ . _
= TZexp{—iq-Ra)'/exp_—i[.k—i—q}-{l‘—RQ)] w(|Ra —1|) %

exp [ik- (r — R, ) dr.

Since (R« — r) is a dummy variable, we pose X = r — R, in order to

achieve the factorization of the matrix element as:

. iy l . - . )
k+q |V k) = ~ Z exp(—iq-R,) k+ql|lwlk), (49)
ik

With:

k+qlw/ k) = v /exp —i(k+q) - X]w(|X])exp (ik - X)dX_ (50)

It should be stressed that the square of the matrix element in equation (45) is usually written as:

. a2 1 - . 2

’k + q |1] | k_}- = :\_2 Z E‘,‘{p [_Eq [R@ — R-‘.’l ;|:| k —|— q |'l'.L'| k.‘ [Jl]
(]
= 5@ k+aqlwk)”, (52)

where k + g|w|k is the form factor resulting from the individual potential
of the ion and S(qg) the ionic structure factor, which depends on the
position of the ions and can be directly measured by X-ray or neutron
scattering. Its definition is:

S(q) = % Y exp[—iq- (Rg — Ra)]
a,3

In the framework of the perturbation theory briefly presented, it is
found that the electron energy Ee of a metal is equal to the sum of the

2V h2k?
(27)° Jr<hp | 2m

kE<kp

+ (kW k) + > —

energies E(k) of all the free electrons. In practice, the perturbation theory
performs the calculations in the reciprocal space and not in the direct
space. Therefore, the electronic energy Ee is calculated in k-space in
doing the sum of all the energy states occupied in the Fermi sphere of
radius ke, with the expression®:
2V .
Eog = B(k) = —— E(k)d*k,
a= S W= [ B

k<kp

Where E (k) is given by equation (45). The electron energy Eel of a
metal may thus be put under the form2°:

k W k)|?
(k + q |W]|k)]| Pk

o2 k2 |k 2}
G740 2 |: ’ + q’ (53)
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6. Screening theory in the Hartree approximation
6.1 Form factor of the Ashcroft pseudopotential

As a rough guide, the form factor of Ashcroft’s pseudopotential wo (r) will be calculated by substituting equation (30) in equation (50):

. . N - . .
k+qlwolk) = 1__/// exp [—2 (k+ q) - v wo (r) exp (ik - v) d°r.

The integration in the above relation is better carried out with the And qr
spherical coordinates:

qrcoso,

After placing the vectors q and r as shown in figure (6). With this
d’r = r2 sinfdOdgdr, change of variables, the form factor becomes:

k+qlw k) = _1_ // exp (—igrcosf) wy (1) r? sin 6d6dr.

To perform the integration on the variable 6§, we take p = cosd ranging from 1 to —1, with du = —sinfd#,whichgives:

: N —1 _ R
(k+q|wol k) = QIT f — exp (—igru) du| wo (r) r=dr.
l

9The transformation of the discrete sum into an integral over k is done

by using the formula:

D Lsf d*k.
(2m)" Jr<kp

k<kp

2V
The number of electrons in the unit volume of the k-space is (2m)°>, 0
However, for a free electron system, the volume occupied by the electrons r
in k-space is a sphere of radius kr, called the Fermi sphere. Therefore,
the number of free electrons NZ is the product of the number of electrons
per unit volume multiplied by the volume of the Fermi sphere: ¢

, NZ = LE/ k= =V A0
(2m)" Je<kp (2m)” 3
o2 nrry N 1/3

Hence kp  — (”2‘\'5) _

4 Figure 6: Positions of the vectors q and r to calculate the form factor wo

().

From now, it is important to note that the energy Ee does not
correspond exactly to the electronic energy of the metal because, to
perform its calculation, the electron-electron energy is counted twice. Where the integral in square brackets is:
Therefore, the latter should be subtracted at any time.

—1

/ exp (—igrp) dp| = —,i [exp (—igr) — exp (iqr)]
1 qr

. (54)
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Before performing the integration over r, we replace the pseudopotential

by its expression (Eg. 30) and introduce the damping factor exp(—ar) that

2 N *1 .
k+qluglk) = —L—q?{f —exp [— (o +iq) 7] (—
, R,

r

s
_ ~exp[—
R. T

(o= in)r] (-

iq V 4meg R,

1 Ze2\ .
—C) TQdT},

2r N Ze? o0
- Nz {/ exp [ ( +iq)r] dr —

dmeg r

will disappear at the end of the calculation by letting « go toward zero, as

follows:

1 Ze?
dmreg T

—) r2dr

/: exp = (o —iq)7] dr} _

. : 27 N Ze? 1 S 1 o
(k+qlwolk) = —— ———exp - (a +ig) R] — ———exp[—(a —ig) R ;.
' ' ig Vdmgy | (e +ig) C (o —ig) o
27 N Ze?
= —— {exp (—igR;) + exp (iqgR.)} .
f_gqj" V' dms =0
Ze? N .
= ———5—cos(gR,.). (55)
zpg- |
6.2 Matrix Element of the Hartree Potential or:
In the preceding subsections, the expression of the electronic ener 1 . aq(k .
P d P o n(r) = Z — exp(ik 1)+ Z k) expli(k+q) ]| x
> k<ky E(K) Z
—F of metals has been derived as a
function of E (k) (Eq. 53). The energy E(k) is the energy of one given 1 ) aZ(k) )
conduction electron in interaction with the ions and the other electrons of ﬁ exp(—ik 1) + Z NG exp[~i(k+q) -1
the system, and it depends on the total pseudopotential W(r) = WH (r) + q#0
Wo(r) via the matrix element k + gq|W|k (Eq. 47). However, this matrix Where it has been written:
element is only partially known. Indeed, there is an expression for the
matrix element k + g|WO|k of the bare pseudopotential (Eqg. 55), but not o2
any for the matrix element k + g W k! Containing the electron-electron Z ﬂ"qH (_qz) exp(iq-r) = —— n2* exp (iq - r)
interactions in the Hartree approximation. £0
q70 q70
To find the expression of the matrix element k + g WH k!, use is made H 9 e
of the screening theory[25] based on the concept of dielectric function. I"[-rq (—q ) = —=ngé’°,
The principle of the method is to deterk + gW|k = k + g WH k! + k + €0
g|Wolk as a function of the electronic cloud density! Mine, in a self- o e2 ose
consistent manner, the matrix element k + ¢ W+ k and the matrix element w2 = 5Ng
n(r). The method consists of calculating the electron density with the o
wave function (first postulate of quantum mechanics) by jointly using the
Poisson equation. Thus, the electron density n(r) is given by the sum, over K Wik
all occupied states in the Fermi sphere, of the product of the pseudo wave aq(k) — ‘ < +a | ‘ >|
functions y«(r) (Eq. 46) by its complex conjugate'XE (r) that is to say: % [k2 — |k + q|2] (56)
So that the total electron density is:
nir) = E Xel(r)xg(r),
< kg n(r):—z 1+Zaq exp(iq-r -I-Z Jexp (—iq-r)+ ...

k<kr q#0 4#0
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The constant term corresponds to the uniform distribution of negative
charge that compensates the positive charge of the ions. And the
remaining terms represent the oscillating charge density, screening the
ions, which is directly related to the Hartree potential WH(r) by Poisson’s

n°e(r) = — Z Z [aq(k) exp (iq - 1) + a
F g=0
= Z Z 2a4 (k) exp (iq -
k<kg %0

Becauseq (K) exp (—iq - v) = aq(k) exp (iq-r) p,
definition of ag(K).

the

eﬂ‘”‘"!r

2 —

As far as Poisson’s equationv (I)(r) o e is concerned,
where @(r) is the electrostatic potential, it is rewritten with the Hartree
potential WH(r) = ed(r) as:

27 H 2 ¢’ n®c(r)

VW (r) = eV20(r) = ————
€0 . (58)

To implement the method, it is easier to combine equations (57) and
(58) after performing
The standard transformations in k-space!!:

n?°(r) = Z ?135': exp(iq-r).
g=0
W) = Z erxp (igq-1).
=0
WH( =

By comparing equations (57) and (59), and by calculating the Laplacian
of WH(r) with equation (60), we obtain the following relations:(61)

The insertion of these expressions into equation (58) enables us to write
the Poisson equation under the algebraic form:

1;_2/ Z aq(k)

k<kp

Z” H

q70

. osc
, Mg =

VAW (r) ) exp (iq - r)

(62)

The Hartree potential WqH is then written explicitly in terms of the matrix
element | k + gq|W|K|, by using equations (61) and (56)
2

! <k [k‘z — |k + Q| ]
F 2m

£0q2 V

From which we arrive at the following final expression, by taking
account of the formula given in footnote 9:

(60)

equation. By neglecting the terms of the expansion to the higher order
than one, in the pseudo wave function, the oscillating electronic density
n°(r) reduces to:

k)exp(—iq - r'}} .

o
=

2 . r
k
wH = 26—/ - >‘2 &k
me0q? Juckp 12 [kZ— k

6.3 Concept of Dielectric Function

In order to pursue the calculation of the Hartree potential (Eq. 63)
without too much difficulty, assume that the pseudopotential is local. It
therefore follows that the matrix element

HUThe transformation of the discrete sum into an integral over q is done
by using the formula:

Z_’(;T)'%fd?q

q#0
This allows us to define the Fourier transform:

osr / l osc . 3
(1) = " mi exp (i) = g [ 07 exp (iam) g

q#0
With:

It is the same for the function

- 1 e g
ng’t = — n°(r) exp (—iqr) d’r.
9 v

wH (r).
Wi o= (K +q|IW[K)| { ~TEE N EUATNUES:
T mgq? K h? 4 ! n—2
82 .
= —|(k+q[W|k)| Xo(q)
:[]q
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z

+ke

z| ©

Figure 7: Choice of the integration variables for calculating the integral
in equation (64), into the Fermi sphere. The shaded area corresponds to
the volume element d°k.

| k + q|W|K| depends only on g and can be extracted from the integral
over k, which is not the case in the complete theory [23], [26], [27]. The

calculation ofH g is thus reduced to that of the integral:
d3k
[ = s 5
k<kp 42 |Kk2 — |k + :|
© om { ke+al”] (64)

To achieve the integration over the states contained in the Fermi
sphere, the sphere of radius kr is first drawn, then the transfer vector q is
placed along the z-axis (Fig. 7) and the following change of variables is
performed:

Z = Kkrcosé,

So that the element of integration is the disc of volume:

d°k = 7 kr?— 7% dz.

Moreover, as indicated by Hubbard [28], the integration merely
depends on the values of the wave vector remote from those of the Fermi
wave vector ke. This greatly simplifies the calculations because it is
sufficient to integrate over the states k =~ kr, by setting:

K2— |k + q= K% — |ke + q* = ke? ~9( ke? + 2qke cosd + 2,

~—q%— 20z.
The integral | reads:
am [TFF (2:2 - ki)

_mm A
h2q J_y, 34z

F
And its result reduces to the expression®:

—1)|In a+2kp
q—2kp

‘
T

2
_nhe q
I— hzq [ qkr+kr (4/{,2

Further, the integral | is simplified by putting
n =7t (withn <2)
Tmmkp 4 —n? + 2
I =——F+ £ =+ 1 In 1 _
K2 4n n—2 (65)

The substitution of equatlon §65) into equation (63) is then done to

express the Hartree potential ' * ¢ depending on the matrix element | k +
g|W]|k] of the total pseudopotential as:

Where the Lindhard[29] function Xo(q) defined by the following
expression has been used:

e? mmkp 4—p? n+2
WH = ——|(k+q[W|k 1 1
1 2m3z0q 7|kt H{ h? { +( 4n ) " n-2
e? ,
= ol al Wil Xo)
mkp 4 —n? 7N+ 2
X ——— |1 |
o(9) 272 h2 [ N ( 4n " n—2
(67)
, . Wi
Thus, according to equation (66), the Hartree potential " ¢ is related

to the matrix element | k + g|W|k| via the Lindhard function Xo(q). But
from the screening theory, the total pseudopotential is equal to the sum of
the bare pseudopotential and Hartree potential (Eq. 32), so that the
Hartree potential is written in k-space as:

Wi = |(k+q|W
. (68)

k)| = |k +q|Wo[ k)|

In eliminating wy

4 between equations (66) and (68), the expression
of the matrix element | k + g|W|k| of the total pseudopotential is also

expressed in terms of the matrix element | k + g|WolK| as follows:

2
[(k+aq|W[k)| - [(k +q[Wo| k)| =

, (69)

— [{(k+a|W[k)| Xo(q)

hence:

(kJrqmo\k\

( nq?

12 . : i
Calculation of the integral:

_ |lk+q[IWok)

oV M= ]~ P
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J = fm‘. £ k) k})dz,

q
—kp 3tz

+hkp 22 5 2 +kp 1
q 2
dz + | — — kp) [ dz,
'/;k'F %+Z 4 J—kp %‘f‘z

L I"'r:,

22 qz +kp q2 5 % b ke
L_E (L k2 ) m
2 2], \1 Ty
2
q q+ 2kp
= —qgkp t kb (=5 — 1) In|—E
e *(41«; )"q—zkp
£(q)
13t
w(q) ot
. 1,2 -
/\ A,
]
\ \/ 1,99 200 240 n=-L
= 2 II‘:F
7R,
1 ~—
2e [/ 1
-SEr
f
j Mol o] 1 2 3 n=a
Kk,
i F

Figure 8: Schematic representations of the bare form factor wo(q) and the
screened form factor w(q), as well as the Hartree dielectric function &(q).

Where the Hartree dielectric function ¢M(q) is defined by the
expression:

2
Hy. ¢
£ 1¢ = 1- X(]
(@) wabw
me?  kp 4—n? n+ 2
= 1 —— 5 |1 1
+ 2m2goh? g2 [ * ( 4n ) . n—2 1)

This ends the screening theory that enables us to evaluate the electronic
energy Ee by making possible the calculation of the matrix element | k +
g|WI|Kk|, which enters equation (53). It should be realized, in particular,
that the form factor | k + gjw|k| of the total pseudopotential, also known
as the screened pseudopotential, is obtained by simple division of the
form factor | k + g|wolk| of the bare pseudopotential by the dielectric
function ¢M(q). Lastly, the expression of the form factor of the Ashcroft
screened pseudopotential (Eq. 55) becomes:

Ze?
— cosgli.

k+ k —_—
ke +qluflo] = c0q’(q) V . @@

Incidentally, the Hartree potential” g can be also expressed in terms
of the matrix element | k + g|Wo|k|, in using equations (68) and (69), under
the form:

W = | s =1k almolig

1
eH(q) (73)

As an indication, the bare and screened form factors as well as the
dielectric function are depicted in figure (8). It should be mentioned that
the curves representing the functions w (g) and wo (q) differ only for

T
valuesq 2R.. The mathematical study of these functions poses no
difficulty. The salient characteristics of the curve w (q) = | k + q|w|k| are

the damped oscillations, the value of the first node, at? = 2R , and the
2 12K2

value at the origin that is— 3 “2m . This value is found by calculating the

limit of | k + g|w|k| at g = 0. It is easily obtained by using the relation

V 372 (see footnote 9) and by looking at the behavior of the

dielectric function &"(qg). The latter is a decreasing function varying

between the limits:
2

Hg) ~ 1t e
m2egh? (12 When q — 0,
. 4 me? k?,;
3m2egh? ¢t when g — oo,

But its most striking feature is the logarithmic singularity at q = 2kr.

Indeed, it can be verified that’:
2 ® 2
Hie met 1|, me” 1
e %yp) = I+4—=—12-2) ————| =1+
(2tr) 3k ;(zpn(zpﬂ) TS

H o0
(;) _ me? Z
dq ) o, 'rzcnf‘ﬂ kp

1

This singularity is not visible to the naked eye on the curve, but
nevertheless it is the source of the oscillations of interionic potential in
liquid metals.

7. Interionic Potentials in Liquid Metals

With the matrix element | k + g|W|k| (Eg. 69) in hand, we are able to
calculate the electronic energy Ee defined by equation (53). Given the
simplifications recommended in the screening theory, the expression of

Eellis:
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2V [ hPk? 2V f
F ?/ —d’k ?/ (k |[W|k)a
(2m) k-<k-p 2m (2m)° Jr<kp
1
+Y ok alWil [ e
270 ( k<kp 22 [kz -~k

It is easy to check that the first term on the right hand side corresponds

W _ Nz
to the Fermi Lnergy ]—’ = NZEr of the free electron gas, with

bp = % %E(Eq.%). The second term on the

RHS represents the average energy Ee @ = k|W|k. As regards the third
term, E« @, it is much more interesting because, unlike the first two terms,
it depends on the ionic configuration and it is at the origin of the
calculation of the interionic potential. Let us consider it carefully. With
equation (63) that is recalled below:

W = g kW] [ !

Vg T 5 3.9 2 T, ;
2mieqgq h<kp é*z?_n [kz _ \k+q|2]
73

The term*~el turns into:

3 2V . 23 qu

EY =3 k)| Wy =

q#0 (2m) .

However, when use is made of equations (69) and (73), repeated
below:

’ o) - erallolio]
vH _ 1 - 1
and " “ LH(‘I) 1] : k>|

The contribution Ee @ can also be written as a function of the matrix
element | k + q|Wolk| of the bare pseudopotential and the dielectric

function £"(q):

2V |(k Wolk)? [ 1 2132002
PR ?H +3J0\H [H_ _1}JL§1
' 5 (2r) ="(q) =(q) e
eV 9| k+q\ﬂg\k>\ 1
= 5224 1
e H(q) (q)

q#0
, Itshould be recalled that the electronic energy Eelincludes the electron-
electron energy as well as the electron-ion energy. In the Hartree-Fock
method, which has been used to calculate Eel = i Ei, the energy of each
electron (Eq. 29) is calculated in the field of ions and all other electrons.
Therefore, the interaction energy between each pair of electrons (i,j) is
counted twice, once when the electron i is at the origin and once when the
electron j is at the origin. Thus the electron-electron Ee— Eel must be
subtracted from the electronic energy Eei  (see footnote 10). In view of
this, Eei— Eel is evaluated in terms of the Hartree potential W r) and oscillating
electronic density Nosc(r) by the formula:

Beee = % / nose(rYWH (r)d?r.

But, as in the case of the calculation of E,;. 1t 15 preferable
E,;_.; in k-space by using equations (59) and (60). After t

E_ o reads'*

Z noscnr*H

q#U

y OSC
Then, taking account of equation (62), we replace "y

Eel_er = —

as a function of

W/

q and rewrite the interaction energy Eei—el as:

C’OI Z 21171111['*11
q#0

he! el —

14 - : - - - -
The calculation of the interaction energy E._.; 15 done as follows:

Ee—er = ]an exp (igr) H( )d r,
q7#0
= éZTI '—/oxp (iqr) W (r)d*r,
q#0
Vv I Vv 8Cyxr®
- 5 Zn;’“ W Hq -3 an‘ ﬂ-qH.
q#0 q#0

Finally, equation (73) is employed to express the interaction energy]| | |
| H (q) as: Ee—el in terms of the matrix element k + g Wo k and dielectric
function ¢

2
1] (K + q|1o| k)2

Eel—ef bOI’ Z 2|:

(74)

H(q)

This expression represents the electron-electron energy to be
subtracted from the electronic energy Eei. But the full calculation of the
energy of liquid metals requires that the ion-ion energy Eio—io, defined by
equation (27), is added to (Ee — Ee—el). The combination of all these
terms leads to the expression of the energy of liquid metals:

B = E((fl) + E({Z) + E(S) EE[*CI + Eio—ia’
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uI (k+q|Wolk)P [ 1
= NZEp+(k|W[K) + SED o[l +q| “' i { )—1}
g

i
g0 a
. 2 29
gol 9 [ 1 } i 9 1 1 A
-— =1 [k+q [ k)" + = E —_—
5.9 9 |7 : - —
2e ol (q) 20‘#& dmeg Ry — Ry

Or still, in the simplified form:

— ;1 ‘
E = NZEp+ (k[W[K)+ — Zqz\k+q|ﬂg|k>\
q#0
2(,’2
+3 Z/mom — Ryl
(75)

This is the expression for the total energy of liquid metals identified
in equation (24). Before comparing equations (24) and (75), we transform
the third term on the right hand side of equation (75) with the intention of
splitting off the energy contribution depending on the ionic configuration
from that which does not depend on it. To do this, the matrix element is
separated by using equation (51):

-+ a9 = 575 3 exp i (Ro — Ra)](k +
a3

This relation allows writing the third term of equation (75) in the
following manner:

gV . 9 1 1
7 >4 [(k+q || k)| [m -1 = > N
q#0 q#0 o
1
e
():‘,{3
(76)
As a function of the energy wave number characteristic:
1
Flq) = k k -
@) =~ |+ alul W 1= s
(77
Because

doo—zexp[—iq (Rg —Ra)| = N,
second term in braces of equation (76) is equal to F(q). As it does not

A(1)
depend on the ion configuration, it may be gathered with the terms F‘

and hsl to form the contribution to the energy of liquid metals Nug(V,T),
which is only a function of the volume and temperature. By contrast, the

first term in braces of equation (76) plus the ion-ion interaction Eijo—io
provide together the contribution to the energy of liquid metal

7 1
(_jl\r(l/: I,Rh . RN) =3 Zaﬂ#—a u('RQ-S),WhiCh depends on
the volume, temperature and configuration (Eg. 25). This last

contribution takes the form:
1 1 .

> Z u(Rog) = N Z Zcxp[—zq- (Rg —
a,3#a g#0

o, A

To evaluate this energy contribution, we replace the discrete sum over
q by an integral® and take Rg — Ra = ros for convenience:

1 1
3 Z u(rag) = = Z (2m 3N/

a,B#a a,B#a
This is the equation required for calculating the interionic potential in
liquid metals and whose the formal expression is:

“ /1

The interionic potential u(r) consists of two terms. The first one is the
direct interaction between the ions, udir(r), and the second one the
interaction induced by the electron gas, uind(r). The latter contribution
depends explicitly on the bare form factor k + g|wolk and on the dielectric
function ¢M(q) through the energy wave number characteristic F(q). It
should be noted the great interest introduced by the function F(q) as a
measure of the induced interaction, uind(r), since uina(r) is nothing else
than the Fourier transform of the energy wave number characteristic F(q):

— FT [%F(q)]_

[ 1 ZQBQ
dme Tap

1 2262

dreg T

q) exp(—iq - r)d’q.

u(r) =
(78)

Uind(T)
(79)

Some interionic potentials in liquid metals have been portrayed in
figure (9). It is remarkable that they have attractive wells varying
significantly from one to another. Moreover, they possess an oscillating
long-range part, called the Friedel oscillations[30], which is due to the
logarithmic singularity of the dielectric function at q = 2kr . Concerning
the repulsive part at short range, it is softer than that of the liquid rare
gases for which the valence electron shells are completely filled.

8 Linear Response: Corrections for Exchange
and Correlation

It has been mentioned that the calculation of the energy of liquid metals

is done by adding to the configurational energy% Zmﬁfﬂ ?I’(T“s‘?), the
term Nug(V,T) depending only on the volume and temperature. By
consulting the literature [31], [32], [33], it can be seen that Nug(V,T)
contains,

Ra)| F(q) + 5
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15The calculation of the discrete sum over ¢ is done using the formula:

u(r)
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Figure 9: Interionic potential of sodium calculated with different
pseudopotentials. The repulsive part of the Lennard-Jones potential is
drawn in thick lines for comparison.

In addition to the Fermi energy, the terms coming from the exchange
and correlation effects in the electron gas. These effects also affect
significantly the interionic potential by modifying the Hartree dielectric
function.

To introduce the exchange and correlation effects, the response
function theory is usually used which is an alternative to the screening
theory [34], [35], [36]. In the following, we present the outlines of this
theory by looking at how the free electron gas responds when it is
subjected to the perturbing potential Wo (q) generated by the ions. If Wo
(q) is sufficiently small, the linear response theory states that the
oscillating part n°c (q) of the induced charge density is linearly related to
Wo (q) by the relation:

n°s(q) = £(@)Wo(a), (80)

Where @ () is the linear response function of the perturbed system.
Do not confuse this equation with equation (62) that connects the
oscillating charge density n°c(q) with the Hartree potential WH(q).

8.1 Without exchange and correlation effects

In that case the total potential W (q) resulting from a hypothetical test
charge (electronic or non-electronic) is equal to (Egs. 68 and 69):

Wo(q)
ef(q), ©1)

W(q) = Wo(q) + WH(q) =

Where the Hartree potential W (q) represents the energy of electron-
electron interaction. After replacing WH (q) by its expression taken from
equation (62), and with the help of equation (80), the previous relation is
written as:

W = Wy(q) + n%c(q) = ;
(q) 0(q) o q) T(9) a2
c0q? eM(q). 83)

This expression is used to link directly the response function y®)(q) to
the Hartree dielectric function £M(g) by the following relation:

H(q) 1]. 84)

It should be noted that, in the general formalism, the linear response
function yM)(q) is related to the static structure factor of the perturbed
system. Besides, in the case where the perturbed system is a system
containing pseudoions embedded into the electron gas, the response
function can be determined within the framework of the theory of the one
component plasma[37],[38],[39].

By taking advantage of the results of the screening theory and after

2

£0g
extracting the quantity 2 from equations (84) and (70), the response
function »W(q) may be expressed by means of the Lindhard function

Xo(q) as:
Xo(q)
(1) _ 20
xXa) et (q), (85)

That permits rewriting equation (80) as:

X ,
TLOSC(Q) — C[(I)EZ; I"VU(Q') — X[}(Q)I’[: (Q) (86)

The response function x9(q) is a very important quantity, which
measures the ability of the free electron gas to respond to a perturbation
and allows the calculation of the indirect part of the interionic potential,
uind(r). To show it, we express the energy wave number characteristic (Eq.
77) in terms of the response function (Eq. 84), namely:

1"r ¢
F(q) = ﬁx“)(Q) |(k + q |wo| k) |? -

And substitute equation (87) in equation (79), so that the contribution
of the interionic potential, induced by the electron gas, is written in the
compact form:

v

2
wndr) = FT | () X(@ |-+ afun]
(88)

8.2 With Exchange and Correlation Effects

Here the perturbing potential Wo (g) induces an oscillating charge
densityngzc(q) that differs from n°s (q) and modifies equation (86) as:
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Losc rmod

nge(q) = Xo(g)W™(q), (89)

Where Xo(q) is the Lindhard function and Wmd(q) the modified total

potential acting on a hypothetical electronic test charge. This potential

contains, in addition to the terms Wo (q) and
Wi (g) = 2y li?‘"(fJ)

alocal field

— L
correction Q) W xe ( )G(q)’ where the local field

function G(q) exists in different analytical forms[40],[41],[42], which are
discussed elsewhere[43]. Simply note that they vary with g2 for small
values of g, and have very different behavior from each other for large
values of g.

It has been established that the local field correction alters equation
(81) by reducing the screening according to the relation:

F{_,rrnod(q) — TITO(Q) + n;rH (q) + IJ‘Y‘BC(Q),
2 2
= Wolq) + ﬁ”g«ff:(q) -

Yl,L (

— gl (a)Cla)

By using equation (89) to substitute” 17e () in the above relation, this
yields:

H.rmud(q) —

2

Wo(q) +
( ) qu

Wo(g) _
1- 25 Xo(@)[L-G(g) <)’

(90)

Where the modified dielectric function ¢ (q) is defined by the
expression:

2

q) [1 = G(q)]

- -1 _ :
=) c0q? . 91)

But, with equation (70), the above relation can also be written in the
simple form:

e(@=1+"@—1[1-G(a)] (92)

It should be stressed that an ion (hypothetical non-electronic test
charge) immersed in the electron gas feels the potential Wo (q) + W (q)
and not Wo (q) + WH (q) + WX(q) . Therefore, in calculating the energy
wave number characteristic with equation (77), the Hartree dielectric
function &"(q) must be replaced, not by the dielectric function (), but
by the new dielectric function eio(q) defined with the following relation,
similar to equation (82):

62 17
H(g) = Wolg) + ~5n3i(q) = 0D

Wolqg) + W
( ) coq 5?’0(9)_

5 Xo0(a)W™(q) [1 - G(q)]

To find the expression of ¢io(q) as a function of £(q) and G(q), just
jointly use equations (89) and (90) to replace”?;'zc(Q') in the previous
relation, that is to say:

2 i -

. e Wolq) — Wolg
Wo(q) + —=Xo(q) ( = (@)
£0q elq)  eiolq),

From which eio(q) may be extracted:

1
Eio(Q)
XD(Q)(%,)_

1+ 09‘

E.z

Now, if we use equation (91) to eliminate the quantity=og’ XD(Q),
we obtain the simple relationship:

) [l e

36

It is thus clear that the dielectric function eio(q) depends on the local
field function G(q) and the modified dielectric function &(q), which itself
depends on G(q) and the Lindhard function Xo(q) (Eg. 91).

As a result, if the effects of exchange and correlation are taken into
account, the interionic potential u(r) can be still calculated with the
energy wave number characteristic F(q), by using equation (78), in which
the Hartree dielectric function is replaced by the dielectric function &io(q):

1
F(q) = ¢ |{k + auwo [ K)[* |1~ — @03

22’V

To end this discussion, note that the interionic potential u(r) can also
be written as a simple integral over q after a number of changes. The first
change consists in the introduction of the normalized energy wave
number characteristic Fn (q), equal to unity at g = 0. The latter is
performed by calculating the limit of equation (93) when q = 0, and by
noticing that lim

q—0
&io(0)) — s and
lim (k + q|wo| k) ~ —Z= Tll—l,-
g—0 0N 9T g 5.

It results that

QEU T/ 271
ZQGQNQ {(q).

Fy(a) = -

The second change is made by reducing the triple integral in equation
(78) to a simple integral®that modifies u(r) as follows:

) = 1 722 2V / ZzleI
wr) = ")y 122 V&2

— —4
(2m)3N
The third change comes from to writing the direct interaction between
the ions in k-space, before performing the following simplifications®®:

dreg T

v(q)} sin(ar)
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Finally,

Fx(q)

72 2 00 .
— 4_6/ [1— Fn(q)] qu

2120 Jo g (94)

the iterionic potential w(r) 1s still written 1n the more compact form:

v (Eq. 54):

fF[c;r} exp(—iqr)d’q =

""For this, the use i= made of the result:

‘e 1 — F;
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163 ith the changes of variables d®g = ¢° sin #dfdpdg and qr = gru. where gt = cos @ |

rdg =

} exp(—iq - r)dq.

simplified

the integral 1=
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which, compared with 1ts Fouriler transform

u(r) = = / (g) exp(—iq - r)dq

1

provides a particularly simple relation between u(q) and Fn(q), namely:
722
—5 [1 = Fn(q)]
quz

9 Concluding remarks

u(g) =
(%)

In the rare gas liquids, in which the atoms are characterized by closed
electronic shells, the interatomic potentials are typified by a strong
repulsion at short distances, to prevent collapse of the substance, and an
attractive tail to ensure the cohesion. By contrast, in the normal metals
where the valence bands are very well separated from the next lowest
core-level bands, the interionic potentials exhibit a repulsion in the core
and a long range oscillatory tail generated by the singularity in the
dielectric function, at the Fermi level. They are expected to be obtainable
using the pseudopotential and electron screening theories. These
potentials are typical of simple metallic liquids like the alkali metals and
most of the polyvalent metals. For noble metals and transition metals of
3d and 4d series, there are serious impediment in formulating theoretical
description because of the hybridization between the d-electrons and the
s-electrons. The same is true for the rare earth liquids due to the strong f-
electron binding. The pseudopotential method has been generalized by
Harrison[44] to be applied to the transition and noble metals, with more
or less success. There is another class of elements, which cannot readily
be treated within the pseudopotential theory, like liquid Te that show
evidence of chain like structure. They have high resistivity and do not fall
into the class of simple liquids.

Unlike the pair potentials of the rare gases which are independent of
the volume, those issued from pseudopotential are volume-dependent via
the wave vector at the Fermi level ke . It is clear from preceding
discussions that the interionic potentials u(r) in simple liquid metals
depend on the dielectric function &(g,kr ), through the normalized energy
wave number characteristic Fn(q). The form of the interionic potential is
very sensitive to the pseudopotental used and to the approximations in the
electron screening. As a consequence, the pseudopotential is not a unique
quantity. The Ashcroft model has proved of great value to bring out the
basic ideas of the pseudopotential theory, but it sometimes fails because
of its oversimplified form. The accuracy of any calculation of reliable
interionic potential may be improved by using pseudopotentials spatially
non-local, for which the form factor depends not only on ¢ but also on the
wave vector k.

Once the form factor k + g|wolk and the dielectric function &(q,kr) are
known, the interionic potential may be calculated via Eq. (78), with the
intention of determining a variety of structural and thermodynamic
properties. To test an interionic potential u(r), theories often attempt to
link u(r) to the structure factor S(q) directly accessible to measurement
by X-ray diffusion or neutron scattering. Another basic achievement of
the pseudopotential theory has been to underline the proposition that the
form factor k + g|wolk and the dielectric function &(q,kr ) are capable of
predicting the electron transport properties of pure liquid metals[45].

As already mentioned, the presence of the electron gas makes that the
potential energy function consists of a sum of interionic potentials plus a
volume-dependent term (whereas structureindependent) playing a
dominant role in determining the thermodynamic properties, but quite
difficult to evaluate properly. Thus, there is a number of liquids for which
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the use of pseudopotentials is wholly inappropriate, and problems still
remain not fully resolved in the thermodynamics of metallic liquids,
among them the metal-nonmetal transition in expanded liquid metals,
especially along the liquid-vapor coexistence curve. Even for small
expansion, failure will set in when the critical point is
approached[46],[19],[47]. Furthermore, the transition across the interface
from metallic behavior in the bulk liquid to insulating behavior in the
coexisting vapor has been investigated[48],[49] by the theory of the
surface tension of insulating liquids[50],[51].

Another problem of great interest is the transferability of a
pseudopotential from the solid state to the liquid state with the same
values of parameters. Of course, to increase our confidence in such a
pseudopotential it is worthwhile to demonstrate how well many different
physical properties of the liquid are predicted with it. Good results have
been obtained with the Fiolhais et al.[52] structured pseudopotential,
whose the parameters are designed for the solid state, specially for the
alkali metals [53],[54]. This pseudopotential is based on first principle
arguments and does not represent an attempt to obtain agreement with
experiment at all costs. The structure factor and isothermal
compressibility of the divalent liquid metals are quite well
reproduced[55]. Though reasonable results have been also obtained for
the structural properties of the polyvalent metals, it appears that the
melting point is largely overestimated[56].

Today the pseudopotential theory is supplanted by the density
functional theory (DFT) established itself to compute the electronic
structure in most branches of chemistry and materials science. In the
formulation given by Kohn and coworkers[57],[58] the many-electron
wave function is replaced by the electron density, so that the energy is
just a functional of the latter. The DFT is applied, with low computational
cost and reasonable accuracy, to predict diverse properties as binding or
atomization energies, shapes and sizes of molecules, crystal structures of
solids, energy barriers to various processes, etc. In the mid 1980s, it
became an appreciable alternative to the well developed wave function
techniques such as the Hartree-Fock one, when crucial developments in
exchange-correlation energy have been taken into account[43].

DFT is a powerful tool to investigate the static properties of electronic
systems. It is also a convenient tool to be used in conjunction with ab
initio molecular dynamics (AIMD) simulations for extended systems[59].
Whereas classic MD describes trajectories of atoms as objects within an
empirical interaction potential, the AIMD computations are simulations
involving the motions of both nuclei and electrons. The evolution of the
kinetic energies of both electrons and nuclei is observed in an identical
way through the use of fictitious masses. Plane waves are usually used
for the description of valence orbitals, whereas pseudopotential
approximations are employed for taking into account the core electrons.
The combination of quantum mechanics and molecular mechanics in
AIMD is certainly one of the most promising theoretical tools available
for theoretical chemistry. Its implementation for ab initio molecular
dynamics simulation of large systems has also been successfully applied
to solid state and liquid state physics, as well as to materials science.

References

1. Philipps JC and Kleinman J (1959) New Method for Calculating
Wave Functions in Crystals and Molecules. Phys Rev 116: 287-
294

2. Born M, Mayer JE (1932) Zur Gittertheorie der lonenkristalle. Z
Physik 75: 1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Keesom WH (1921) Van der Waals attractive forces. Physik Z
22:129.

Hirschfelder JO, Curtiss CF, Bird RB (1954) Molecular Theory
of Gases and Liquids, Wiley, New York, p. 245.

London F (1937) the general theory of molecular forces. Trans
Faraday Soc 33: 8-26.

Israelachvili JN (1974) the nature of van der waals forces.
Comtemp Phys 15: 159-177.

Axilrod BM, Teller E (1943) Interaction of the van der Waals
Type Between Three Atoms. J Chem Phys 11: 299-300.
Axilrod BM (1951) Triple-Dipole Interaction: Theory. J Chem
Phys 19: 719-724.

Doran MD, Zucker 1J (1971) Higher order multipole three-body
van der Waals interactions and stability of rare gas solids. J Phys
C: Solid Stat Phys 4: 307-312

Bruch LW, McGee 1J (1973) Calculations and estimates of the
ground state energy of helium trimers. J Chem Phys 59: 409-413.
Bomont JM, Bretonnet JL, van der Hoef MA (2001) Comparison
between integral equation method and molecular dynamics
simulation for three-body forces: Application to supercritical
argon. J Chem Phys 114: 5674-5681.

Slater JC, Kirkwood JG (1931) The Van Der Waals Forces in
Gases. Phys Rev 37: 682-697.

Aziz RA, Slaman MJ (1986) the argon and krypton interatomic
potentials revisited. Mol Phys 58: 679-697.

Bretonnet JL (2011) Thermodynamic Perturbation Theory of
Simple Liquids, Published in the book: Thermodynamics -
Interaction Studies - Solids, Liquids and Gases, p. 839-870.
Hoover WG, Ree FH (1967) Use of Computer Experiments to
Locate the Melting Transition and Calculate the Entropy in the
Solid Phase. J Chem Phys 47: 4873-4878.

Hoover WG, Ree FH (1968) Melting Transition and Communal
Entropy for Hard Spheres. J Chem Phys 49: 3609-3617.
Chacon E, Reinaldo-Falagan M, Velasco E, Tarazona P (2001)
Layering at Free Liquid Surfaces. Phys Rev Lett 87: 166101-1-4

Li D, Rice SA (2004) Some Properties of “Madrid” Liquids. J
Phys Chem B 108: 19640-

19646.

Bomont JM, Bretonnet JL (2006) an effective pair potential for
thermodynamics and structural properties of liquid mercury. J
Chem Phys 124: 054504-1-8.

Ashcroft NW (1966) Electron-ion pseudopotentials in metals.
Phys Lett 23: 48-50.

Heine V, Abarenkov 1V (1964) A new method for the electronic
structure of metals. Phil Mag 9: 451-465.

Abarenkov 1V, Heine V (1965) the model potential for positive
ions. Phil Mag 12: 529-537.

Shaw RW, Harrison WA (1967) Reformulation of the Screened
Heine-Abarenkov Model Potential. Phys Rev 163: 604-611.
Heine V (1970) the Pseudopotential Concept. Solid State Phys
24:1-36.

Harrison WA (1966) Pseudopotentiels in the Theory of Metals,
Benjamin, New York, p. 46.

Shaw RW (1968) Optimum Form of a Modified Heine-
Abarenkov Model Potential for the Theory of Simple Metals.
Phys Rev 174: 769-781.

Shaw RW (1969) Application of the optimized model potential
to calculation of energywave-number characteristics for simple
metals. J Phys C: Solid State Phys 2: 2335-2349.

Hubbard J (1957) the Description of Collective Motions in
Terms of Many-Body Perturbation Theory. Il. The Correlation
Energy of a Free-Electron Gas. Proc Roy Soc (London) A 243:
336-352.

Lindhard J (1954) on the properties of a gas of charged particles.
Kgl Danske Videnskab Selskab Mat Fys Medd 28: 8.


https://www.auctoresonline.org/journals/international-journal-of-materials-science-and-engineering
https://journals.aps.org/pr/abstract/10.1103/PhysRev.116.287
https://journals.aps.org/pr/abstract/10.1103/PhysRev.116.287
https://journals.aps.org/pr/abstract/10.1103/PhysRev.116.287
https://link.springer.com/article/10.1007/BF013405
https://link.springer.com/article/10.1007/BF013405
https://pdfs.semanticscholar.org/d984/75418514a84b5baca0da9f137e3d0ed4da12.pdf
https://pdfs.semanticscholar.org/d984/75418514a84b5baca0da9f137e3d0ed4da12.pdf
https://pubs.rsc.org/en/content/articlelanding/1937/tf/tf937330008b/unauth#!divAbstract
https://pubs.rsc.org/en/content/articlelanding/1937/tf/tf937330008b/unauth#!divAbstract
https://www.tandfonline.com/doi/abs/10.1080/00107517408210785
https://www.tandfonline.com/doi/abs/10.1080/00107517408210785
https://aip.scitation.org/doi/abs/10.1063/1.1723844?journalCode=jcp
https://aip.scitation.org/doi/abs/10.1063/1.1723844?journalCode=jcp
https://aip.scitation.org/doi/abs/10.1063/1.1748339
https://aip.scitation.org/doi/abs/10.1063/1.1748339
https://iopscience.iop.org/article/10.1088/0022-3719/4/3/006/meta
https://iopscience.iop.org/article/10.1088/0022-3719/4/3/006/meta
https://iopscience.iop.org/article/10.1088/0022-3719/4/3/006/meta
https://aip.scitation.org/doi/abs/10.1063/1.1679820
https://aip.scitation.org/doi/abs/10.1063/1.1679820
https://aip.scitation.org/doi/abs/10.1063/1.1350643
https://aip.scitation.org/doi/abs/10.1063/1.1350643
https://aip.scitation.org/doi/abs/10.1063/1.1350643
https://aip.scitation.org/doi/abs/10.1063/1.1350643
https://journals.aps.org/pr/abstract/10.1103/PhysRev.37.682
https://journals.aps.org/pr/abstract/10.1103/PhysRev.37.682
https://www.tandfonline.com/doi/abs/10.1080/00268978600101501
https://www.tandfonline.com/doi/abs/10.1080/00268978600101501
ftp://ctan.math.utah.edu/pub/bibnet/authors/m/march-norman-h.pdf
ftp://ctan.math.utah.edu/pub/bibnet/authors/m/march-norman-h.pdf
ftp://ctan.math.utah.edu/pub/bibnet/authors/m/march-norman-h.pdf
https://aip.scitation.org/doi/abs/10.1063/1.1701730
https://aip.scitation.org/doi/abs/10.1063/1.1701730
https://aip.scitation.org/doi/abs/10.1063/1.1701730
https://aip.scitation.org/doi/abs/10.1063/1.1670641
https://aip.scitation.org/doi/abs/10.1063/1.1670641
https://pubs.acs.org/doi/abs/10.1021/jp040367g
https://pubs.acs.org/doi/abs/10.1021/jp040367g
https://pubs.acs.org/doi/abs/10.1021/jp040367g
https://aip.scitation.org/doi/abs/10.1063/1.2166384
https://aip.scitation.org/doi/abs/10.1063/1.2166384
https://aip.scitation.org/doi/abs/10.1063/1.2166384
https://www.sciencedirect.com/science/article/pii/0031916366902514
https://www.sciencedirect.com/science/article/pii/0031916366902514
https://www.tandfonline.com/doi/abs/10.1080/14786436
https://www.tandfonline.com/doi/abs/10.1080/14786436
https://www.tandfonline.com/doi/abs/10.1080/14786436508218898
https://www.tandfonline.com/doi/abs/10.1080/14786436508218898
https://journals.aps.org/pr/abstract/10.1103/PhysRev.163.604
https://journals.aps.org/pr/abstract/10.1103/PhysRev.163.604
https://www.sciencedirect.com/science/article/pii/S0081194708600697
https://www.sciencedirect.com/science/article/pii/S0081194708600697
https://journals.aps.org/pr/abstract/10.1103/PhysRev.174.769
https://journals.aps.org/pr/abstract/10.1103/PhysRev.174.769
https://journals.aps.org/pr/abstract/10.1103/PhysRev.174.769
https://iopscience.iop.org/article/10.1088/0022-3719/2/12/318/meta
https://iopscience.iop.org/article/10.1088/0022-3719/2/12/318/meta
https://iopscience.iop.org/article/10.1088/0022-3719/2/12/318/meta
https://ci.nii.ac.jp/naid/10013390197/
https://ci.nii.ac.jp/naid/10013390197/

International Journal of Materials Science and Engineering 8

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

Friedel J (1952) the distribution of electrons round impurities in
monovalent metals. Phil Mag 43: 153-189.

Shimoji M (1977) Liquid Metals, Acad. Press London, p. 105.
Hafner J (1987) From Hamiltonians to Phase Diagrams,
Springer-Verlag, Berlin .

Young WH (1992) Structural and thermodynamic properties of
NFE liquid metals and binary alloys. Rep Prog Phys 55: 1769-
1853.

Pines D, Noziéres P (1966) The Theory of Quantum Liquids 1,
Benjamin, New York.

Raimes S (1967) The Wave Mechanics of Electrons in metals,
North-Holland Publishing. Company, Amsterdam.

Ashcroft NW, Stroud D (1978) Theory of the Thermodynamics
of Simple Liquid Metals. Solid State Physics 33: 1-81.

Baus M, Hansen JP (1980) Statistical mechanics of simple
coulomb systems. Physics Reports 59: 1-94.

Ichimaru S (1982) strongly coupled plasmas: high-density
classical plasmas and degenerate electron liquids. Rev Mod Phys
54:1017.

March NH, Tosi MP (1984) Coulomb Liquids, Acad Press,
London, p. 70.

Vashishta P, Singwi KS (1972) Electron Correlations at Metallic
Densities. Phys Rev B 6: 875-887.

Ichimaru S, Utsumi K (1981) Analytic expression for the
dielectric screening function of strongly coupled electron liquids
at metallic and lower densities. Phys Rev B 24: 7385-7388.
Farid B, Heine V, Engel GE, Robertson 1J (1993) Extremal
properties of the Harris-Foulkes functional and an improved
screening calculation for the electron gas. Phys Rev B 48:
1160211621.

Bretonnet JL (2017) Basics of the density functional theory,
AIMS Materials Science, 4(6):

1372-1405

Harrison WA (1969) Transition-Metal Pseudopotentials. Phys
Rev 181: 1036-1053.

Ziman JM (1967) the electron transport properties of pure liquid
metals. Advan Phys 16: 551-580.

Hensel F (1990) Critical behaviour of metallic liquids. J Phys:
Condens Matter 2: SA33SA45.

47.

48.

49.

50.

51.

52.

53.

54,

55.

56.

57.

58.

59.

60.

Bomont JM, Delhommelle J, Bretonnet JL (2007) Structure and
thermodynamics of the expanded liquid mercury by Monte Carlo
simulation: a first attempt. J. Non-Cryst. Solids 353: 3454-3458.
Bomont JM, Bretonnet JL (2008) a molecular dynamics study of
density profiles at the free surface of liquid mercury. J Phys:
Conf Ser 98: 042018-1-5.

Bomont JM, Bretonnet JL, Gonzalez DJ, Gonzalez LE (2009)
Computer simulation calculations of the free liquid surface of
mercury. Phys. Rev. B 79: 144202-1-4.

Evans R, Kumaravadivel R (1976) a thermodynamic
perturbation theory for the surface tension and ion density profile
of a liquid metal. J Phys C: Solid State Phys 9: 1891-1906.
D’Evelyn MP, Rice SA (1983) a study of the liquid—vapor
interface of mercury: Computer simulation results. J Chem Phys
78: 5081-5095.

Fiolhais C, Perdew JP, Armster SQ, McLaren JM, Brajczewska
M  (1995) Dominant density parameters and local
pseudopotentials for simple metals. Phys. Rev. B 51: 14001-
14011.

(1996) Erratum: Dominant density parameters and local
pseudopotentials for simple metals. Phys Rev B 53, 13193.
Boulahbak M, Jakse N, Wax JF, Bretonnet JL (1998)
Transferable pair potentials for the description of liquid alkali
metals. J Chem Phys 108: 2111-21186.

Wax JF, Albaki R, Bretonnet JL (2001) Temperature
dependence of the diffusion coefficient in liquid alkali metals.
Phys Rev B 65: 014301-1-9.

Wax JF, Albaki R, Bretonnet JL (2000) Structural and
dynamique properties of liquid alkali-earth metals near the
melting point. Phys Rev B 62: 14818-14827.

Mendoub EB, Albaki R, Charpentier I, Bretonnet JL, Wax JF,
Jakse N. (2007) Molecular dynamics and integral equation study
of the structure and thermodynamics of polyvalent liquid metals.
J. Non-Cryst. Solids 353: 3475—3479.

Hohenberg P, Kohn W (1964) Inhomogeneous Electron Gas.
Phys Rev 136: B864-B871.

Kohn W, Sham LJ (1965) Self-Consistent Equations Including
Exchange and Correlation Effects. Phys Rev 140: A1133-A1138.
Car R, Parrinello M (1985) Unified Approach for Molecular
Dynamics and DensityFunctional Theory. Phys Rev Lett 55:
2471-2474.


https://www.auctoresonline.org/journals/international-journal-of-materials-science-and-engineering
https://www.tandfonline.com/doi/abs/10.1080/14786440208561086
https://www.tandfonline.com/doi/abs/10.1080/14786440208561086
https://iopscience.iop.org/article/10.1088/0034-4885/55/10/003/meta
https://iopscience.iop.org/article/10.1088/0034-4885/55/10/003/meta
https://iopscience.iop.org/article/10.1088/0034-4885/55/10/003/meta
https://www.sciencedirect.com/science/article/pii/S0081194708604683
https://www.sciencedirect.com/science/article/pii/S0081194708604683
https://www.sciencedirect.com/science/article/abs/pii/0370157380900228
https://www.sciencedirect.com/science/article/abs/pii/0370157380900228
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.54.1017
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.54.1017
https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.54.1017
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.6.875
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.6.875
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.24.7385
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.24.7385
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.24.7385
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.48.11602
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.48.11602
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.48.11602
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.48.11602
https://www.researchgate.net/profile/Jean_Louis_Bretonnet/publication/321827312_Basics_of_the_density_functional_theory/links/5b6c3e3a45851546c9f93080/Basics-of-the-density-functional-theory.pdf
https://www.researchgate.net/profile/Jean_Louis_Bretonnet/publication/321827312_Basics_of_the_density_functional_theory/links/5b6c3e3a45851546c9f93080/Basics-of-the-density-functional-theory.pdf
https://www.researchgate.net/profile/Jean_Louis_Bretonnet/publication/321827312_Basics_of_the_density_functional_theory/links/5b6c3e3a45851546c9f93080/Basics-of-the-density-functional-theory.pdf
https://books.google.co.in/books?hl=en&lr=&id=ma2yBgAAQBAJ&oi=fnd&pg=PA2&dq=44.%09Harrison+WA+(1969)+Transition-Metal+Pseudopotentials.+Phys+Rev+181:+1036-1053.&ots=qOaw0-c0Wk&sig=U-X13eQLyFvGvbqGeHgN3kuKaKw
https://books.google.co.in/books?hl=en&lr=&id=ma2yBgAAQBAJ&oi=fnd&pg=PA2&dq=44.%09Harrison+WA+(1969)+Transition-Metal+Pseudopotentials.+Phys+Rev+181:+1036-1053.&ots=qOaw0-c0Wk&sig=U-X13eQLyFvGvbqGeHgN3kuKaKw
https://www.tandfonline.com/doi/abs/10.1080/00018736700101665
https://www.tandfonline.com/doi/abs/10.1080/00018736700101665
https://iopscience.iop.org/article/10.1088/0953-8984/2/S/004/meta
https://iopscience.iop.org/article/10.1088/0953-8984/2/S/004/meta
https://www.sciencedirect.com/science/article/abs/pii/S0022309307005959
https://www.sciencedirect.com/science/article/abs/pii/S0022309307005959
https://www.sciencedirect.com/science/article/abs/pii/S0022309307005959
https://iopscience.iop.org/article/10.1088/1742-6596/98/4/042018/meta
https://iopscience.iop.org/article/10.1088/1742-6596/98/4/042018/meta
https://iopscience.iop.org/article/10.1088/1742-6596/98/4/042018/meta
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.79.144202
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.79.144202
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.79.144202
https://iopscience.iop.org/article/10.1088/0022-3719/9/10/009/meta
https://iopscience.iop.org/article/10.1088/0022-3719/9/10/009/meta
https://iopscience.iop.org/article/10.1088/0022-3719/9/10/009/meta
https://aip.scitation.org/doi/abs/10.1063/1.445376
https://aip.scitation.org/doi/abs/10.1063/1.445376
https://aip.scitation.org/doi/abs/10.1063/1.445376
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.14001
https://aip.scitation.org/doi/abs/10.1063/1.475590
https://aip.scitation.org/doi/abs/10.1063/1.475590
https://aip.scitation.org/doi/abs/10.1063/1.475590
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.65.014301
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.65.014301
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.65.014301
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.62.14818
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.62.14818
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.62.14818
https://www.sciencedirect.com/science/article/abs/pii/S002230930700600X
https://www.sciencedirect.com/science/article/abs/pii/S002230930700600X
https://www.sciencedirect.com/science/article/abs/pii/S002230930700600X
https://www.sciencedirect.com/science/article/abs/pii/S002230930700600X
https://journals.aps.org/pr/abstract/10.1103/PhysRev.136.B864
https://journals.aps.org/pr/abstract/10.1103/PhysRev.136.B864
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.A1133
https://journals.aps.org/pr/abstract/10.1103/PhysRev.140.A1133
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.55.2471
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.55.2471
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.55.2471

